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Preface

This book is based on notes of a course, designed for first semester students in the
sciences, which had been given by the second author at the University of Zurich
several times. The goal of the course, with a format of three lectures classes and
one exercise class per week, is twofold: to have students learn a basic working
knowledge of linear algebra as well as acquire some computational skills, and to
familiarize them with mathematical language with the aim of making mathematical
literature more accessible. Therefore, emphasis is given on precise definitions,
helpful notations, and careful statements of the results discussed. No proofs of these
results are provided, but typically, they are illustrated with numerous examples,
and for the sake of better understanding, we quite frequently give some supporting
arguments for why they are valid.

Together with the course Analysis for the Sciences for second semester students,
for which a book is in preparation, the course Linear Algebra for the Sciences
constitutes a basic introduction to mathematics. One of the main novelties of this
introduction consists in the order in which the courses are taught. Since students
have acquired a basic knowledge in linear algebra in the first semester, they are
already familiar with functions of several variables at the beginning of the second
semester. Differential and integral calculus is then developed at each stage for
functions of one and of several variables. Furthermore, numerous illustrations of
concepts from linear algebra in the differential and integral calculus are pointed out
and examples and problems are discussed which involve notions from linear algebra.
Nevertheless, by and large, the two books can be studied independently from each
other.

The table of contents of Linear Algebra for the Sciences describes the topics
covered in the book. The book has six chapters and each of them three sections.
Each chapter and each section begin with a short summary. Below we only give a
brief overview.

Chapter 1 treats finite systems of linear equations with real coefficients and
explains in detail the algorithm of Gaussian elimination for solving such systems.
This algorithm is used in all subsequent chapters.



vi Preface

Chapter 2 introduces the notion of matrices, discusses how they operate, and
explains how they are connected to systems of linear equations. In addition, we
define the notion of linear (in)dependence of vectors in R¥ and the one of a basis
in R¥ and show how systems of linear equations can be used for computations.
Finally, we define the notion of the determinant of a square matrix and discuss its
most important properties.

In Chapter 3, we introduce complex numbers and discuss their basic properties,
state the fundamental theorem of algebra and extend the notions and results, which
were introduced in the previous chapters on the basis of real numbers.

Chapters 4 and 5 constitute the core of the course. In Chap. 4, the notions of
vector spaces (over the real as well as over the complex numbers) and the notions of
a basis and of the dimension of such spaces are introduced. Furthermore, we define
the notion of linear maps between such spaces and discuss the matrix representation
of linear maps between finite dimensional vector spaces with respect to bases. In
particular, we discuss in detail the change of bases of finite dimensional vector
spaces and introduce special notation to describe it. The last section of Chap.4
introduces inner product spaces and discusses linear maps between such spaces,
which leave the inner products invariant.

In Chap.5, we discuss the basics of the spectral theory of linear maps on a
finite dimensional vector space over the complex numbers. In a separate section,
we examine the spectral theory of a linear map on a finite dimensional vector space
over the real numbers. In the last section of Chap. 5, we introduce quadratic forms
and, as an application, discuss conic sections.

Chapter 6 is an application of results of linear algebra, treated in the earlier
chapters. We study systems of linear ordinary differential equations with constant
coefficients, with the main focus on systems of first order. One of the aims of this
chapter is to illustrate the use of linear algebra in other fields of mathematics such
as analysis and to showcase the fundamental idea of linearity in the sciences. In this
final chapter, some basic knowledge of analysis is assumed.

In each section, numerous examples are discussed and problems solved with the
aim of illustrating the introduced concepts and methods. Each section ends with a
set of five problems, except for Sects. 1.1 and 6.1, which both are of an introductory
nature. These problems are of the same type as the ones solved in the course of the
corresponding section with the purpose that students acquire some computational
skills and get more familiar with the concepts introduced. They are intentionally
kept simple. Solutions of these problems are given in chapter “Solutions” at the end
of the book.

We would like to thank Riccardo Montalto, who was involved at an early stage,
but, due to other commitments, decided not to participate further in the project. Over
the years, the notes were used by colleagues of the Department of Mathematics of
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the University of Zurich. We would like to thank them and all the students for their
feedback. Finally, we thank Camillo De Lellis for encouraging us to turn these notes
into a book.

Zurich, Switzerland Manuel Benz
Thomas Kappeler



Addendum

It is with sadness that I must inform the reader that Thomas Kappeler suddenly
passed away during the final stages of this book.

On a personal level, I lost a friend and mentor. On a professional level, the
mathematical world has lost a great mind. His approach to mathematics was precise
and careful and yet his presentation of it stayed very accessible. His way of teaching
mathematics was thoughtful, smart and sophisticated. Additionally, I feel that his
work shows his enthusiasm and joy for the subject, but also him as a person with
great respect for human intelligence.

I hope this book can serve as a testament to all these good qualities of Thomas
and remind everyone of him as a mathematician, but also as a person enjoying
mathematics.

Zurich, Switzerland Manuel Benz
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Chapter 1 ®
Systems of Linear Equations oo

1.1 Introduction

One of the most important problems in linear algebra is to solve systems of linear
equations, also referred to as linear systems. For illustration, let us consider a simple
example of a system with two linear equations and two unknowns x, y,

x+2y=5 (1.1)
2x +3y =8. (1.2)

(S

We say that the pair (u, v) of real numbers u and v is a solution of (S) if
u+2v=>5 and 2u + 3v = 8.

The basic questions are the following ones:

(Q1) Do linear systems such as (S) have a solution (existence)?
(Q2) Do linear system such as (§) have at most one solution (uniqueness)?
(Q3) Do there exist (efficient) methods to find all solutions of (§)?

It is convenient to introduce the set L of all solutions of (§),
L:={(u,v) € R? |u+2v=5;2u+3v =8}

Then the questions (Q1) and (Q2) can be rephrased as follows:

(Q1") Ts the set of solutions of a linear system such as (S) a nonempty set?
(Q2") Does the set of solutions of a linear system such as (§) have at most one
element?

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023 1
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2 1 Systems of Linear Equations

Let us now discuss a method for finding the set L of solutions of (S). It is referred
to as the method of substitution and consists in the case of (S) of the following four
steps:

Step 1. Solve (1.1) for x,
x=5-2y. (1.3)
Step 2. Substitute the expression (1.3) for x into equation (1.2),
26 —-2y)+3y =8 or 10—y =28. (1.4)
Step 3. Determine y by (1.4),
y=2. (1.5)
Step 4. Determine x by using (1.3) and (1.5),
x=5-2y=5-2-2=1.
Hence the set L of solutions of (S) is given by
L= {(1, 2)}.
It consists of one element, meaning that (1, 2) is the unique solution of (S).

However it is not always the case that a linear system of two equations with two
unknowns has a unique solution. To see this consider

x+y=4 (1.6)
2x +2y = 5. (1.7)

By the same method, one obtains
x=4—y (1.8)

and hence by substitution
24— y) +2y =5,
or
8 —2y+2y=5, i.e., 8 =5.

But 8 # 5. What does this mean? It means that the set of solutions L of (1.6)—(1.7)
is empty, L = (, i.e., there are no solutions of (1.6)—(1.7).
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Finally let us consider the following linear system

x+3y=2 (1.9)
2x + 6y = 4. (1.10)

Again by the method of substitution, one has x = 2 — 3y and hence
22—-3y)+6y=4 or 4=4.

As a consequence, the unknown y can take any value and the set L of solutions of
(1.9)—(1.10) is given by

L={2-3v,v) |veR}

The set L can thus be viewed as the graph of the function R — R, v = 2 — 3v. In
particular, there are infinitely many solutions.

Summarizing our considerations so far, we have seen that the set of solutions can
be empty, consist of one element, or of infinitely many elements. It turns out that
this is true in general: The set of solutions of any given linear system fits into one of
these three possibilities.

In practical applications, systems of linear equations can be very large. One there
needs to develop theoretical concepts and appropriate notation to investigate such
systems and to find efficient algorithms to solve them numerically. In this chapter,
we present such an algorithm, referred to as Gaussian elimination.

1.2 Systems with Two Equations and Two Unknowns

In preparation of treating general linear systems, the goal of this section is to study

first the case of two equations with two unknowns in full generality, to discuss a

method for finding the set of solutions and to point out connections with geometry.
Consider a system of two equations and two unknowns x, y,

{p(x, » =0
qx,y)=0
where p and ¢ are real valued functions on R? = R x R. Such a system is said to be

linear (or, more precisely, R-linear) if p and ¢ are polynomials in x and y of degree
one,

p(x,y) =ax+by—e, g(x,y)=cx+dy—f



4 1 Systems of Linear Equations

where a, b, c, d, e, f are real numbers. In such a case we customarily write

ax+by=e (1.11)
cx+dy=f. (1.12)

The system (1.11)—(1.12) being a general linear system means that the coefficients
a,b,eof p(x,y) and c,d, f of g(x,y) can be arbitrary real numbers. In applica-
tions, they can be assigned specific values, but since we want to consider a general
linear system, they are denoted with the letters a, b, e and respectively c, d, f.

‘We begin by pointing out some connections with geometry. Denote by L the set
of solutions of ax + by = e,

Ly:= {(x,y) e R? | ax + by :e}.

To describe L1, we have to distinguish between different cases. Note that in the case
a = 0, the equation ax + by = e cannot be solved for x and in case b = 0, the
equation cannot be solved for y. The following four cases arise:

Casel. a=0,b=0,e=0.Then L; = R

Case2. a=0,b=0,e #0.Then L = 0.

Case 3. b # 0. In this case, the equation ax 4+ by = e can be solved for y and we
get

y=———=x and le{(x,g—%x)‘xeR}.

The set L1 can be viewed as the graph of the function

R—->R, x+ c_2,
b b
Its graph is sketched in Fig. 1.1.
Case 4. b =0, a # 0. In this case, the equation ax + by = e reads ax = e and can
be solved for x,

x = and le{(g,y)’ye]R}.

a
A graphical representation of L can be seen in Fig. 1.2. Similarly, we denote
by L, the set of solutions of the equation cx +dy = f,

Ly = {(x,y) 6R2|cx+dy=f}.
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Y a#0 Ty a=0

i
b e#0 /b e#0
| AN | '

Fig. 1.1 Fora # 0, e # 0 (left) and for a = 0, e # 0 (right) the set L; in Case 3 can be
schematically pictured as shown in the two figures above

y Ay
e#0 e=0

e/a O

Fig. 1.2 For e # 0 (left) and for e = 0 (right) the set L; in Case 4 can be schematically pictured
as shown in the two figures above

Since an element (x, y) in the set L of solutions of the system (1.11)—(1.12) is a
solution of (1.11) and a solution of (1.12), the set L is given by the intersection
of L with L,,

L=LiNLy.

Combining the four cases described above for L1 and the corresponding ones
for L, one can determine the set of solutions in each of these cases. We leave it to
the reader to do that and consider instead only the case where L and L, are both
straight lines. Then the following three possibilities for the intersection L1 N Ly can
occur,

LlﬂLzz{pointinRz}, LiNnLy =4, Ly =Los.

Note that in the case where L N L, = {4, the two straight lines L and L, are
parallel. The three possibilities are illustrated in Fig. 1.3.

In the remaining part of this section we describe an algorithm how to determine
the set L of solutions of the linear system (1.11)—(1.12), yielding explicit formulas
for the solutions. Recall that (1.11)—(1.12) is the system (.S) given by

ax+by=e (1.11)
cx +dy = f. (1.12)

We restrict ourselves to the case where

a #0. (1.13)
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y vy Lg
(X0, o)
Yop-—==
| Ly

(a) (b)

()

Fig. 1.3 The three possible cases for L; and L, in a graphical representation. Please note the
solution set for each case. (@) L1 N Lz = {(x0, y0)}. ®) LiNLy =0.(¢) LiNLy =L,

Before we describe the algorithm, we need to introduce the notion of equivalent
systems. Assume that we are given a second system (S”) of two linear equations,

ax+by=¢
x+ d/y — f/
with real coefficients a’, ', €/, and ¢/, d’, f'. Denote by L’ its set of solutions. We

say that (S) and (S’) are equivalent, if L = L’. We are now ready to describe the
algorithm to determine L of (S).

Step 1. Eliminate x from Eq.(1.12). To achieve this, we replace (1.12) by (1.12)
— 2(1 .11). It means that the left hand side of (1.12) is replaced by

ex +dy— S (ax +by) (use that a % 0)
a
whereas the right hand side of (1.12) is replaced by
f— ¢ e.
a
The new system of equations then reads as follows,

ax+by=e (1.11)

d=Sby=rf-"<e (1.14)
a a
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g (%0, %0)
2
| b
x X
‘ leLg LlﬂLé

Fig. 1.4 The solution of the new system (1.11) and (1.14) still corresponds to the same point, but
the elimination of x in (1.14) leads to the second line changed to horizontal

It is straightforward to see that under the assumption (1.13), the set of solutions
of (1.11)—(1.12) coincides with the set of solutions of (1.11)—(1.14), i.e. that the
two systems are equivalent.
Graphically, the elimination of x in Eq. (1.12) can be interpreted as follows. The
unique solution of the original Egs. (1.11) and (1.12) is given as the intersection
point between two lines as shown in Fig. 1.4.

Step 2. Solve (1.14) for y and then (1.11) for x. We distinguish three cases.

Case 1. d — [%b # 0. Then (1.14) has the unique solution

f—%e af —ce

d—<b  ad—bc

y

and when substituted into (1.11) one obtains

de — bf
X = .
ad — bc

af—ce)
ad — bc

ax:e—b(

Hence the set L of solutions of (S) consists of one element

L:[(de_bf af—ce)} (1.15)

ad — bc’ ad — be

Case2. d — - b =0, f — = e # 0. Then Eq. (1.14) has no solutions and hence
L=4¢.

Case3. d—-b=0, f—2e=0.Thenany y € R is a solution of (1.14) and
the solutions of (1.11) are given by x = £ — g y. Hence L is given by

e b

L= (5 g |ver)

Motivated by formula (1.15) for the solutions of (1.11), (1.14) in the case where
d — £ b # 0 we make the following definitions:
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Definition 1.2.1

(i) An array A of real numbers of the form

A= (“ b), a,b,c,d €R,
cd

is said to be a real 2 x 2 matrix (plural: matrices).
(i) The determinant det(A) of a2 x 2 matrix A is the real number, defined by

det(A) := ad — bc.

The determinant can be used to characterize the solvability of the linear system
(S), given by the two Egs. (1.11) and (1.12), and to obtain formulas for its solutions.
We say that the 2 x 2 matrix A, formed by the coefficients a, b, ¢, and d in Egs. (1.11)

and (1.12),

is the coefficient matrix of (S). We state without proof the following.

Theorem 1.2.2

(i) The system of linear Egs. (1.11) and (1.12) has a unique solution if and only if
the determinant of its coefficient matrix does not vanish,

det(iZ);éO.

(i) If det 4 z # 0, then the unique solution (x, y) of (1.11), (1.12) is given by
c

the following formula (Cramer’s rule)

det (€ b det (¢ €
fd cf
T any T ab)’
det (¢ det (¢
cd cd
(i) Analyze the following system (S1) of linear equations

{2x+4y=3
x+2y=5

Examples

and find its set of solutions.
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Solution The coefficient matrix A of (S1) reads

A= 24 .
12
Then det(A) = 0. Hence Theorem 1.2.2 says that the system (S1) does not have
aunique solution. It is straightforward to see that actually (S1) has no solutions.

(i) Analyze the following system (S2) of linear equations

2y +4x =3
x+2y=5

and find its set of solutions.

Solution First we rewrite the equation 2y + 4x = 3 as 4x + 2y = 3. The
coefficient matrix A of (§2) thus reads

42
A= .
(33)
Then det(A) = 8 — 2 = 6 # 0. Hence according to Theorem 1.2.2, the system
of equations has a unique solution given by

det<32> det( 3)

52 -0 2 7 us) 20-3 17
YT T e T3 YT TT6 T 6

Problems

1. Determine the sets of solutions of the linear systems

. x+nmny=1 . x+2y=e
(l){2x+6y:4, (11){2x+3y:f_

2. Consider the system (S) of two linear equations with two unknowns.
2x +y=4 (S1)
x—4y=2 (52)

(i) Determine the sets L and Ly of solutions of (S1) and (S2), respectively
and represent them geometrically as straight lines in R2.
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(ii) Determine the intersection Ly N Ly of L1 and L, from their geometric
representation in R?.

3. Compute the determinants of the following matrices and decide for which
values of the parameter a € R, they vanish.

. _(l—a 4 .. . 1—a?> a+ad?
(I)A_< 1 1—a> (H)B_<l—a a )

4. Solve the system of linear equations

3x —y=1
Sx +3y =2
by Cramer’s rule.

5. Decide whether the following assertions are true or false and justify your
answers.

(i) For any given values of the coefficients a, b, ¢, d € R, the linear system

ax +by =0
cx+dy=0
has at least one solution.
(ii) There exist real numbers a, b, ¢, d so that the linear system of (a) has

infinitely many solutions.
(iii) The system of equations

X1 +x2=0
x12+x22:1

is a linear system.

1.3 Gaussian Elimination

Gaussian elimination is the name of an algorithm which determines the set of
solutions of a general system of m > 1 linear equations and n > 1 unknowns.
The n unknowns are customarily denoted by x1, ..., x;,.

A system (S) of m equations and n unknowns is a system of equations of the
form

fl(xl"'°v-xrl):0’ fz(-xlv"'vxn):()’ LI ] fm(xl"--,xn)z()
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where for any 1 <i < m, f; is a real valued function of n real variables
ﬁ: Rn - R’ (XI»XZ, "'7xl’l) = ﬁ(x17x27"'7xn)'

Definition 1.3.1 The system (S) is said to be linear if for any 1 < i < m, the
function f; is a polynomial in x1, ..., x, of degree 1 with real coefficients.

Since the number of equations and the one of unknowns can be arbitrarily large,
one has to find an appropriate way how to denote the coefficients of the polynomials
fi. The following notation turns out to be very practical,

Jitxr, x2, ..o, xp) = apixy1 +appxo + -+ aipxy — b, 1<i<m
where a;1, a2, ..., ain, and b; are real numbers. The subscript i stands for the ith
equation whereas we use the subscript j to list the unknowns x; with 1 < j < n.

The system (.5), in the case of being linear, is then customarily written as

ainxi +apxy + -+ apxy = b

ax1x1 +axnxy + -+ ayx, = by

Am1X1 + 2 X2 + -+ Apn Xy = by,

A compact way of writing the above system of equations is achieved using the
symbol > (upper case Greek letter sigma) for the sum,

D ayxj=bi, 1<i<m. (1.16)

Of course we could also use different letters than i and j to list the equations and
the unknowns. We say that (u1, ..., u,) in R" is a solution of (1.16) if

In the sequel, we often will not distinguish between (xy, ..., x,) and (uy, ..., uy).
We denote by L the set of solutions of (1.16),

n
L := {(xl,...,xn) e R" | Zaijxj =b;,1 <i fl’l’l}.
=
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Note that

m n
L=mLi, Li:={(x1,...,x,,)€R"|Zainj=bi}, 1 <i<m.
i=1 =1

Before we describe Gaussian elimination, we need to introduce the notion of
equivalent linear systems in full generality, which we already encountered in
Sect. 1.2 in the case of systems of two equations and two unknowns.

Definition 1.3.2 We say that the system (S) of m linear equations and n unknowns

X1y ooes X
n
Zaijszbi, 1<i<m,
Jj=1
is equivalent to the system (S’) with p equations and unknowns xi, ..., X,

n
chjxj =di, 1<k<p,
j=1

if their sets of solutions coincide. If this is the case we write (S) = (S5).

Example Consider the system (S) of two equations with three unknowns,

Adx1 4+ 3xp+2x3 =1
x1+x+x3=4

and the system (S’) of three equations, also with three unknowns,

4x1 4+ 3xp +2x3 =1
X1+x2+x3=4
2x1 +2x2 +2x3 =8

The systems (S) and (S”) are equivalent, since the first two equations in the latter
system coincide with (S) and the third equation 2x; + 2x; + 2x3 = 8 of (') is
obtained from the second equation x; 4+ x2 4+ x3 = 4 by multiplying left and right
hand side by the factor 2.

The idea of Gaussian elimination is to replace a given system of linear equations
in a systematic way by an equivalent one which is easy to solve. In Sect. 1.2 we
presented this algorithm in the case of two equations (m = 2) and two unknowns
(n = 2) under the additional assumption (1.13).
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Gaussian elimination uses the following basic operations, referred to as row
operations (R1), (R2), and (R3), which leave the set of solutions of a given system
of linear equations invariant:

(R1) Exchange of two equations (rows).
Example

S5xy + 15x3 =10 dx1+3x+x3 =1
Adx1+3x +x3 =1 S5xp + 15x3 =10

It means that the equations get listed in a different order.
(R2) Multiplication of an equation (row) by a real number o # 0.
Example
{4x1—|—3x2+x3=1 — {4x1+3x2+x3=1
S5xy + 15x3 =10 X0+ 3x3=2
We have multiplied left and right hand side of the second equation by 1/5.

(R3) An equation (row) gets replaced by the equation obtained by adding to it the
multiple of another equation. More formally, this can be expressed as follows:
the kth equation Z?:l axjxj = by is replaced by the equation

n n
Zaijj + a Zagjxj = by + aby
j=1 j=1

where 1 < ¢ < m with £ # k. In a more compact form, the new kth equation
reads

(ax1 + aag)xy + -+ - + (akn + @aen)x, = by + aby.

Example

X1 +x2=5 (53) X1 +x2=5
4x1 +2xp =3 —2xr = —17
It is not difficult to verify that these basic row operations lead to equivalent linear
systems. We state without proof the following.

Theorem 1.3.3 The basic row operations (R1), (R2), and (R3) lead to equivalent
systems of linear equations.

The Gaussian algorithm consists in using these basic row operations in a
systematic way to transform an arbitrary linear system (.S) into an equivalent one,
which is easy to solve, namely one which is in row echelon form.
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To make this more precise, we first need to introduce some more notation. Let
(S) be a system of linear equations of the form

ainxi +apxy + -+ apxy = b

ax1x1 +axxy + -+ ayx, = by

Am1X1 + a2 X2 + -+ Apn Xy = by,

where g;; (1 <i <m,1 < j <n)andb; (1 <i < m) are real numbers. To (S) we
associate an array A of real numbers with m rows and n columns,

aiy -+ Ay
A=

Aml - Amn

Such an array of real number is called an m x n matrix with coefficients a;;, 1 <
i <m,1 < j < n and written in a compact form as

A = (aij)1<i<m
1<j=n

The matrix A is referred to as the coefficient matrix of the system (S). The
augmented coefficient matrix of (S) is the following array of real numbers

ayn - ain || b

Aml -+ Qmn || bm

In compact form it is written as [A || b].

Definition 1.3.4 [A || b] is said to be in row echelon form if it is of the form

n
——
[0 ... 0]« bl_
0 0f*
0 0
{ 0 0
mi .
K 0 | bw
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where 0 < ny < n,0 < m; < m, and where the symbol  stands for a non-zero
coefficient of A.

Remark In the case n; = 0 and m; = 0, the above augmented coefficient matrix

reads

* b

0o - 0] = b
Let us express in words the features of an augmented coefficient matrix in

echelon form:

(i) the coefficients of A below the echelon vanish; in particular, any zero row of
A has to be at the bottom of A;
(ii) at each echelon, the corresponding coefficient of A is nonzero; but otherwise,
there are no further conditions on the coefficients above the echelon;
(iii) there are no conditions on the coefficients by, ..., by,.

Examples

(i) Examples of augmented coefficient matrices in row echelon form

0 1 |1 1 0 |0 0 0 1 |1
0 0 (|[0] 0 0 ([1]° 0 0 0| 1]

4 0 0 1 4 5 2 1
0 3 0 |5) 0 0 3 |5]
(i) Examples of augmented coefficient matrices not in echelon form
1 0 1 0 1 1 0 0 1
11 1]’ 1 1 1]’ 0 1 1]

If the augmented coefficient matrix of a linear system is in row echelon form, it can
easily be solved. To illustrate this let us look at a few examples.

Examples
(1) The linear system

2x1 +xp =2 —- 2 1 2
3xp =6
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is in row echelon form. Solve it by first determining x, by the second equation
and then solving the first equation for x| by substituting the obtained value of
X2

3xp =6 ~~  xp=2;

2x1=2—x3 ~ 2x1=0 ~ x1=0.

Hence the set of solutions is given by L = {(0, 2)}.

(i1) The linear system

2x1+x+x3=2 - 2 1 1 2
3x3 =06 0 0 3 6

is in row echelon form. Solve the second equation for x3 and then the first
equation for xp:

3x3 =6 ~  x3=2;

X 1is a free variable;
1
2X1 =2 —Xxp — X3 ~ x1=—§x2.
Hence

L = {(—%xz,xz,Z)‘xz IS R},

which is a straight line in R3 trough (0, 0, 2) in direction (—1, 2, 0).

(iii) The augmented coefficient matrix

2 1
0 3
0 0 |3

is in row echelon form. The corresponding system of linear equations can be
solved as follows: since

0-x14+0-xp=3

has no solutions, one concludes that L = @.
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(iv) The augmented coefficient matrix
2 1
0 3
0 0 0

is in row echelon form. The corresponding system of linear equations can be
solved as follows:

0-x14+0-xp=0
is satisfied for any x1, x € R;

300 =6 ~  xp=2;

1
2x1 =1— =——.
X1 X2 ~ X1 5
Hence L = {(— % , 2)}.
(v) The augmented coefficient matrix
01 2 1
0 0 1 6
is in row echelon form and one computes
x3 =06, xo=1-—2x3 = —11, x1 free variable.

Hence
L ={(x1,—11,6) | x; € R},

which is a straight line in R3 through the point (0, —11,6) in direction
(1,0,0).
(vi) The augmented coefficient matrix

1 2 0 1 0
0 0 0 3 6
is in row echelon form and one computes
354 =6~ x4=2;

x3 and x; are free variables;

X1 = —2xp — x4 = —2xp — 2.
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Hence
L ={(—2x2—2,x,x3,2) | x2,x3 € R},

which is a plane in R4 containing the point (—2, 0, 0, 2) and spanned by the
vectors (—2, 1,0, 0) and (0, 0, 1, 0).
(vii) The augmented coefficient matrix
0
6
x4 1s a free variable;

1 210
00 30

is in row echelon form and one computes

3503 =6 ~ x3=2;
X is a free variable;
X1 = —2xp —x3 = —2xp — 2.
Hence
L= {(—2x2 —2,x2,2,x4) | X2,X4 € R},
which is a plane in R* containing the point (—2,0,2,0) and spanned by

(0,0,0,1)and (-2, 1,0, 0).

As already mentioned, Gaussian elimination is an algorithm which transforms a
given augmented coefficient matrix with the help of the three basic row operations
(R1)—(R3) into row echelon form. Rather than describing the algorithm in abstract
terms, we illustrate how it functions with a few examples. It is convenient to
introduce for the three basic row operations (R1), (R2), and (R3) the following
notations:

(R1) Rjo: exchange rows i and k;
(R2) Ry ~» aRy:replace kth row Ry by a Ry, o # 0;
(R3) Ry ~» Ry +aRy: replace kth row by adding to it « Ry where ¢ # k and o € R.

Examples

(1) The augmented coefficient matrix

0 3
2 1

|
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is not in row echelon form. Apply R to get
2 1 2
0 3 6]
(i) The augmented coefficient matrix
2 1 1
4 3 0

is not in row echelon form. The first row is ok; in the second row we have to
eliminate 4; hence Ry ~» R» — 2R yielding

2 1 | 1
0 1 [|[=2]

(iii) The augmented coefficient matrix

1 1 1 1
2 1 1 0
4 1 2 0
is not in row echelon form. The first row is ok; in the second and third row

we have to eliminate 2 and 4, respectively. Hence R, ~» R» — 2R and R3 ~~
R3 — 4R leads to

111
0 —1 -1 ||-2
0 -3 —2 ||—4

Now R; and R; are ok, but we need to eliminate —3 from the last row. Hence
R3 ~» R3 — 3R», yielding

1 1 1 1
0 -1 -1 ||-2
0 0 1 2

which is in row echelon form.
(iv) The augmented coefficient matrix

1 I 1 11 1
-1 -1 0 0 1 | -1
-2 -2 0 0 3 1

0 01 1 3 |—-1

1 1 2 2 4 1
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(v)
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is not in row echelon form. R; is ok, but we need to eliminate the first
coefficients from the subsequent rows: R, ~» R» + Ry, R3 ~» Rz + 2Ry,
Rs ~» R5 — Ry, yielding

I 11 11 1
0011 2 0
0 0 2 25 3
0011 3 ||—-1
00113 0

Rows R1, R, are ok, but we need to eliminate the third coefficients in the rows
R3, R4, R5s. R3 ~» R3 — 2R, R4 ~» R4 — R>, R5 ~~ R5 — R», yielding

1 1 1 1 1 1
0011 2 0
0 0 0 01 3
0 000 1 ||—-1
0 00 01 0

Now R, R», R3 are ok, but we need to eliminate the last coefficients in Ry
and Rs,i.e., R4 ~ R4 — R3, R5 ~~ R5 — R3, leading to

w o =

—4
-3

S O O O+
SO O O
SO O = =
SO O = =

1
2
1
0
0

which is in row echelon form.
The augmented coefficient matrix

is not in row echelon form. R; is ok, but we need to eliminate the first
coefficients in Ry, R3,i.e., Ry ~» Ry + Ry, R3 ~» R3 + 2Ry, yielding

1 11 0
0 0 1 0
0 3 2 1
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To bring the latter augmented coefficient matrix in row echelon form we need
to exchange the second and the third row, R».3, leading to

1 11
0 3 2 1
0 0 1

which is in row echelon form.

To simplify the computing of the set of solutions of a system of linear equations
even more, one can go one step further and transform the augmented coefficient
matrix of a given linear system into a reduced form. We begin by making some
preliminary considerations. Consider the system (5)

x1 +4x2 = b
5x1 + 2xp = bs.

The corresponding augmented coefficient matrix is given by

|1 4 by
[Anb]—[5 ; bj.

Let us compare it with the system (S’), obtained by exchanging the two columns of
A. Introducing as new unknowns yi, y; this system reads

{ 4y1 + y2 = by

2y1+ 5y =b

and the corresponding augmented coefficient matrix is given by [A’ || b] where

A= 41
25)°
Denote by L and L’ the set of solutions of (S) respectively (S”). It is straightforward
to see that the map

(x1, x2) = (y1, y2) := (x2, x1)

defines a bijection between L and L’. It means that any solution (x1, x2) of (S) leads
to the solution y; := x, y2 := x1 of (§’) and conversely, any solution (y;, y2) of
(8”) leads to a solution x| := yp, xp := y; of (§). Said in words, by renumerating
the unknowns x1, x», we can read off the set of solutions of (§’) from the one of
(S). This procedure can be used to bring an augmented coefficient matrix [A || b] in
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row echelon form into an even simpler form. Let us explain the procedure with the
following example.

Example Consider the augmented coefficient matrix [A || b], given by

S O Ol

1 2 1
51 2
0 0 |6
00 O

S O O =

which is in row echelon form. Note that x, and x4 are free variables. In a first step,
we move the column Cj to the far right of A,

(C1C2C3C4C5)  ~  (C1C3C4C5Ca),
and then move the column Cy4 to the far right of A,
(Ci C3C4 C5Cy) ~ (€1 C3Cs5Cy Cy).

The corresponding augmented coefficient matrix [A’ || b] then reads

11 1 4 2 |n
0 |5 2 01 b,
0 016 0 0 | b
0 0 0 0 0 | bs

Note that the latter echelon form has echelons with height and length equal to one
and that the permuted variables, yy, ..., ys are given by y| = x1, y» = x3, y3 = X5,
ya = x3, and ys = x4. Furthermore, the coefficients by, ..., bs remain unchanged.

In a second step we use the row operation (R2) to transform [A’ || b] into an
augmented coefficient matrix [A” || "] where the coefficients af|, a’,, and af; are
all 1. Note that a{l = 1 and hence we can leave R; as is, whereas R, and R3 are
changed as follows

1 1
R2W§R2, R3W6R3.

We thus obtain
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In a third step we use the row operation (R3) to transform [A” || 5”] to [A | D]
where @12 = 0, @;3 = 0, and a3 = 0. First we remove a{, by the operation
R; ~» Ry — R; to obtain

10 %5 4 9% ||bi—"
0 |1 % 0 s bys
0 0 0 0 bs/g
0 0 0 0 0 bs

Then we apply the row operations
3 2
leR1—§R3 szRz—ng

to obtain the reduced echelon form [K I 75], given by

1 0 0 4 % by — 25 =35 - b3
0 [1 00 s bafs — 25 bsfg

0 011 0 O bs s

0 0 00 O by

The corresponding system of linear equations is given by

y1+4y4+§y5=b1—%—]1)—(3)
yz-i-éys:%—f—g
b3
y3=€
5
OZZO-yj =E4=b4,
j=1

whose set of solutions can be easily described. We will discuss this for a general
system in what follows.

Let us now consider the general case. Assume that A has m rows and n columns
and is in row echelon form. By permuting the columns of A in the way explained



24 1 Systems of Linear Equations

in the above example, [A || b] can be transformed into the augmented coefficient
matrix [A’ || b] of the form

I / U
QG Yx+n T Qg b
I I I
D D+ T Yo by
/ / /
A By 7 Y3 bs
/ / /
o - 0 |y Gugny 0 G bi
0 ... 0 bra1
0 - 0 bm |
where & is an integer with 0 < k < min(m, n) and aj, # 0,a), # 0, ..., a;, # 0.

If k = 0, then A’ is the matrix whose entries are all zero. Note that now all echelons
have height and length equal to ‘one’ and that k can be interpreted as the height of
the echelon.

Using the row operations (R2) and (R3), [A’ || b] can be simplified. First we
apply (R2) to the rows R;, 1 <i <k,

1
Rl' ~ = Rl
ai
yielding
17 /" Vi 7]
A Yk+y 7 Yn by
" " " Vi
D D+ 0 Gy b,
" " " Y
A3 By 0 3y by
" " Vi
(U 0 U @Guqy 0 by,
i
0o ... 0 by
VA
0 - 0 by, |

and then we apply (R3) to remove first the coefficient af, in the second column
of A, then the coefficients a5, ay; in the third column of A, ..., and finally the
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coefficients aj}, ay;, .. (k D in the kth column of A. In this way one obtains an
augmented coefficient matrix [A I b] of the form

— o~ -

1 o 0 -- 0 Qg+ -+ din by
0 1 0 - 0 @w+1y - aum by
0 0 |1 0 @g4+1) -+ a3 b3
: : o K : (1.17)
o .- m 1 Grgeyy -+ Grn bk
0 ... 0 b1
_() ... 0 Zm i

referred to as being in reduced echelon form. The system of linear equations cor-
responding to this latter augmented coefficient matrix [A || b] is then the following
one:

n

i+ Y. ajyi=h
j=k+1

n
Vi + Z arjyj = b
j=k+1

n
0= "0-yj =bsi
j=1

g =

Notice that the unknowns are denoted by yy, ..., y, since the original unknowns
Xl,oeny Xn mlght have been permuted, and that 0 < k < min(m, n). Furthermore,
smce [A | b] has been obtained from [A/ | b] by row operations, the set of solutions
L of the system corresponding to [A 5] coincides with the set of solutions L' of the
system corresponding to [A’ || b]. The sets L and L can now easily be determined.
We have to distinguish between two cases:

Case 1. k < m and there exists i withk +1 <i < m so thatE # 0. Then L=y
and hence L = .
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Case 2. Either [k = m] or [k < m and /b\k—H =0,... ,Bm = 0]. Then the system
above reduces to the system of equations

n
yit > @yj=h, 1<i<k (1.18)
j=k+1

Case 2a. If in addition k = n, then the system (1.18) reads y; = 79: forany 1 <i <
n. It means that L = {(79\1, e, Zn)} and therefore the system with augmented
coefficient matrix [A || b] we started with, has a unique solution.

Case 2b. If in addition k < n, then the system (1.18) reads

vi=bi— Y Gy, 1<i<k

j=k+1
and the unknowns yx41, ..., y, are free variables, also referred to as parame-
ters and denoted by #x41, ..., t;. Then L is given by

n n
[(7?\1— Z aljtj,...,/b\k— Z akjtj,thr],...,tn)

j=k+1 j=k+1

(k15 ..., ty) € Rn_k}.

Hence the system (1.18) and therefore also the original system with augmented
coefficient matrix [A || b] has infinitely many solutions. The map

F:Rnik%Rns(l‘k+ls--wtﬂ)'—>F(tk—&-lau-ytn)»
with F (tx41, ..., t,) given by
by —a1(k+1) —a1(k+2) —din
b —ak(k+1) —ak(k+2) —din
0|+ tk+1 1 + trg2 0 +--4t] O (1.19)
0 0 1 0
0 0 0 1

is a parameter representation of the set of solutions L’.

Let us now illustrate the discussed procedure with a few examples.
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Examples

®

(ii)

Consider the case of one equation and two unknowns,
anxi +apxy =by, an #0.

We apply Gaussian elimination. The corresponding augmented coefficient
matrix [A || b] is given by

[an an | b1]-

Since aj1 # 0, it is in echelon form. To transform it in reduced echelon form,
note that we do not have to permute x, xo. Apply the row operation (R2), R|
~ % R to get

[1 @ | B1], an=22, 77\1=b—1,
ai ai

which is in reduced echelon form. We are in Case 2b withm = 1,n = 2, and
k = 1/.\Hence there is n — k = 1 free variable. The set of solutions L coincides

with L (since no permutation of the unknowns were necessary) and has the
following parameter representation

F:R—>R2, tHh (b(\)l>+t2<_6;21).

It is a straight line in R?, passing through the point (31, 0) and having the
direction (—az1, 1).
Consider the case of one equation and three unknowns,

aixi +apxy +apnx3 =by, an #0.

We apply Gaussian elimination. The corresponding augmented coefficient
matrix [A || b] is given by

[ann an a3 Hbl]'

Since aj # 0, it is in echelon form. To transform it in reduced echelon form,
note that we do not have to permute x1, x3, x3. Apply the row operation (R2),
R| ~~ % R to get

~ ~ — ~ b
(1 @ ais | b&i], an="2, ;=" §=21,
ar ar ar
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(iii)
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which is in reduced echelon form. We are again in Case 2b, now with m =
l,n =3,and k = 1. Heng\e there are n — k = 2 free variables. The set of
solutions L coincides with L and has the following parameter representation

, by an —ais3
F:R? > R3, (t2>+—> ol+nl 1 |+5] 0
3 0 0 1

It is a plane in R passing through the point (/b\l,O, 0) and spanned by
(=ai2, 1,0) and (—ay3, 0, 1).
Consider the following system

X1 +x2+x3=4

x1 —x2 —2x3=0.

We apply Gaussian elimination. The corresponding augmented coefficient
matrix [A || b] is given by

1 1 1 4

1 -1 =2 (|0]°

To transform it in echelon form apply the row operation (R3), Ry ~» Ry — Rj

to get

1 1 1 4

0 -2 -3 ||-4]’
which is echelon form. To transform in reduced echelon form, apply the row
operation (R2), Ry ~ — 5 R» to get

11 1 |4
0 1 3% ||2]°

Apply the row operation (R3) once more, R; ~» R — R», to obtain

1 0 =% |2
01 3h |2
which is in reduced echelon form. We are in Case 2b withm = 2, n = 3, and

k = 2. Hence there is n — k = 1 free variable. Since we have not permuted
the unknowns, L = L and a parameter representation of L is given by

2 1
F:R-R ne[2]+5]|-3
0 1
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(iv)

which is a straight line in R, passing through the point (2, 2, 0) and having
the direction (1/2, —3/2, 1).
Consider
X1 +2x—x3=1
2x1+x2+x3=0
3x1 +0-xp +3x3 = —1.

We apply Gaussian elimination. The corresponding augmented coefficient
matrix [A || b] is given by

1 2 -1 1
21 1
30 —1

To transform it in echelon form, apply the row operation (R3), replacing Ry ~~
R, — 2Ry, R3 ~ R3 — 3Ry, to obtain

Apply (R3) once were, R3 ~» R3 — 2R», to obtain an augmented coefficient
matrix in echelon form

To transform it in reduced echelon form, apply (R2), Ry ~» — % R to get

1 2 -1 |1
0 1 —1 | %
00 01O

and finally we apply (R3) once more, R; ~» R — 2R3, to get the following
augmented coefficient matrix in reduced echelon form

1 0 1 |-
0 1 —1 %/
0 0 0
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We are in Case 2b with m = 3,n=3,and k = 2. Hence thereusn —k =1
free variable. Furthermore L = L. Hence a parameter representation of L is

given by
~ ' -1
F:R->R | 5|+n]| 1
0

which is a straight line in R? passing through the point (— /3,24, 0) and
having the direction (—1, 1, 1).

From our analysis one can deduce the following

Theorem 1.3.5 If (S) is a system of m linear equations and n unknowns with
m < n, then its set of solutions is either empty or infinite.

Remark To see that Theorem 1.3.5 holds, one argues as follows: bring the aug-
mented coefficient matrix in reduced row echelon form. Then k& < min(m,n) =
m < n since by assumption m < n. Hence Case 2a cannot occur and we are either
in Case 1 (L = ) or in Case 2b (L infinite).

An important class of linear systems is the one where the number of equations is
the same as the number of unknowns, m = n.

Definition 1.3.6 A matrix A is called quadratic if the number of its rows equals the
number of its columns.

Definition 1.3.7 We say that a n x n matrix (A) = (a;j)1<i, j<n 1S a diagonal matrix
if A = diag(A) where diag(A) = (d;j)1<i,j<n 1s the n x n matrix with

dii =aji, 1=<i=<n, dij =0, i#].

It is called the n x n identity matrix if a;; = 1 forany 1 <i < n and a;; = 0 for
i # j. We denote it by Id,, «, or Id,, for short.

Going through the procedure described above for transforming the augmented
coefficient matrix [A || b] of a given system (S) of n linear equations with n
unknowns into reduced echelon form, one sees that (S) has a unique solution if
and only if it is possible to bring [A || b] without permuting the unknowns into the
form [Id,, «, || ?9\], yielding the solution x; = Zl, R - En

Definition 1.3.8 We say that a n x n matrix A is regular if it can be transformed
by the row operations (R1)—(R3) to the identity matrix Id,. Otherwise A is called
singular.
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Theorem 1.3.9 Assume that (S) is a system of n linear equations and n unknowns
with augmented coefficients matrix [A || b], i.e.,

Then the following holds:
(i) If A is regular, then for any b’ € R",

n
E aijszbl’-, 1<i<n.
1

has a unique solution.
(ii) If A is singular, then for any b’ € R", the system

has either no solution at all or infinitely many.

Example Assume that A is a singular n x n matrix. Then the system with augmented
coefficient matrix [A || 0] has infinitely many solutions.

Corollary 1.3.10 Assume that A is an x n matrix, A = (a;j)1<i, j<n- If there exists
b € R”" 50 that

n
Zaijxj-zbi, 1<i<n,
j=1
has a unique solution, then for any b e R,
n
Zainiji, 1<i<n,
j=1
has a unique solution.
Definition 1.3.11 A system of the form
<m

n
E a,-jszbi, 1<i
i—1
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is said to be a homogeneous system of linear equations if b = (by,...,by,) =
(0, ..., 0) and inhomogeneous one otherwise. Given a inhomogeneous system

n
Zaijxj =b;, 1=<i=<m,
j=1

the system

is referred to as the corresponding homogeneous system.

Note that a homogeneous system of linear equations has always the zero solution.
Theorem 1.3.5 then leads to the following corollary.

Corollary 1.3.12 A homogeneous system of m linear equations with n unknowns
and m < n has infinitely many solutions.

We summarize the results obtained for a system of n linear equations with n
unknowns as follows.

Corollary 1.3.13 Assume that we are given a system (S)

where b = (by, ..., by,) € R". Then the following statements are equivalent:

(i) (S) has a unique solution.
(ii) The homogeneous system corresponding to (S) has only the zero solution.
(iii) A = (ajj)1<i,j<n is regular.

In view of Theorem 1.2.2, Corollary 1.3.13 leads to the following characteriza-
tion of regular 2 x 2 matrices.

Corollary 1.3.14 For any 2 x 2 matrix A, the following statements are equivalent:

(i) A is regular.
(ii) det A # 0.

Finally, we already remark at this point that the set of solutions L of the linear
system
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and the set of solutions Lyep, of the corresponding homogeneous system

have the following properties, which can be verified in a straightforward way:

(P1) x+x" € Lhom> AX € Lhom x,x" € Lhom, » € R.
(P2) x —x' € Liom, x,x" eL.
(P3) x+x' €L, x € L, x" € Lyom.

We will come back to these properties after having introduced the notion of a vector
space.
Problems

1. Determine the augmented coefficient matrices of the following linear systems
and transform them in row echelon form by using Gaussian elimination.

x1+2x24+x3= 0 x1—3x4+x3=1
1) {2x;+6x2+3x3= 4 (ii) 2x1+xp —x3 =2
2xy) +5x3 = —4 X1 +4xy; —2x3 =1

2. Transform the augmented coefficient matrices of the following linear systems
into reduced echelon form and find a parameter representation of the sets of its
solutions.

X1 —3xy4+4x3 =5 X1+ 3x4+x3+x4=3
@) xo—x3=4 () § 2x1 —xp +x3+2x4 =8
2x) +4x3 =2 X1 —5x4+x4=5

3. Consider the linear system given by the following augmented coefficient matrix

11 3 |2
1 2 4 3
1 3 o« B

(i) For which values of « and 8 in R does the system have infinitely many
solutions?
(ii) For which values of « and § in R does the system have no solutions?
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4. Determine the set of solutions of the following linear system of n equations and
n unknowns.

x1 + 5xp =0
x2 + Sx3 =0

Xp—1 + 5x, =0
5x1 + x, =1

5. Decide whether the following assertions are true or false and justify your
answers.

(i) There exist linear systems with three equations and three unknowns, which
have precisely three solutions due to special symmetry properties.

(ii) Every linear system with two equations and three unknowns has infinitely
many solutions.



Chapter 2 ®
Matrices and Related Topics Qe

The aim of this chapter is to discuss the basic operations on matrices, to introduce
the notions of linear (in)dependence of elements in R, of a basis of R¥ and of
coordinates of an element in R¥ with respect to a basis. Furthermore, we extend the
notion of the determinant of 2 x 2 matrices, introduced at the end of Sect. 1.2, to
square matrices of arbitrary dimension and characterize invertible square matrices
as being those with nonvanishing determinant.

An element (a1, ..., a;) in R is often referred to as a vecror (in R¥) and a is
1 < j <k, asits jth component. The vector in RF, whose components are all zero,
is referred to as the null vector in RF and is denoted by 0.

2.1 Matrices

The aim of this section is to discuss the basic operations on matrices. We denote by
Mat,, «, (R), or by R™*" for short, the set of all real m x n matrices,

ail -+ din
A= (Gij)1<i<m =
1<j<n
aml - Amn

Definition 2.1.1 Let A = (@ij)1<i<m, B = (bij)lfifm be in R™*" and let A € R.
l<j=n l<j=n
(i) By A + B we denote the m x n matrix given by

(aij + bij)1<i<m € R™*".
I<j<n

The matrix A + B is referred to as the sum of the matrices A and B.
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(ii) By AA we denote the m x n matrix

(Aaij)i<i<m € R™*".
I<j=n

The matrix A A is referred to as the scalar multiple of A by the factor A.

Note that for the sum of two matrices A and B to be defined, they have to have the
same dimensions, i.e., the same number of rows and the same number of columns.
So, e.g., the two matrices

cannot be added.

The definition of the multiplication of matrices is more complicated. It is
motivated by the interpretation of a m x n matrix as a linear map from R” to R",
which we will discuss in Sect. 4.2 in detail. We will see that the multiplication of
matrices corresponds to the composition of the corresponding linear maps. At this
point however it is only important to know that the definition of the multiplication
of matrices is very well motivated.

Definition 2.1.2 Let A = (aj¢)1<i<m € R™*" and B = (bej)i<e<n € R"*k_ Then

1<t=<n 1<j<k

the product of A and B, denoted By_A - B, or AB for short, is the m x k matrix with
coefficients given by

n
(A- B)jj = Zaizbgj.

=1
Remark

(i) In the case, m = 1 and n = 1, the matrices A, B € R™*" are 1 x 1 matrices,
A = (ayy) and B = (b11), and the product AB = (a11b11) is the product of a1
with by.

(i) Note that in order for the multiplication AB of two matrices A and B to be
defined, A must have the same number of columns as B has rows. Furthermore,
the coefficient (A - B);; of the matrix product AB can be viewed as the matrix
product of the ith row R;(A) € R1*" of A and the jth column Ci(B) € R
of B,

blj
(A-B)ij = Ri(A)-Cj(B), Ri(A):=(aj1 - apn), Cj(B):=]| :
byj
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Examples
: 12 1 2%2 2x1 -
(1) Let A = 34 ,B = ) .Then A € R**~, B € R“*", and AB is well
defined,

AB — 1-14+2-2) 5 c R2X1
3-14+4-2 11
Note that the matrix product B A is not defined.

.. (12 (10 952
(11)LetA_(34>,B_(31>.ThenA,BeR and

11423 1-042-1 72\ 20
AB = - R2%2,
(3-1+4~3 3-0+4.1> (15 4)6

Note that BA is well defined and can be computed in a similar way.

(i) Let A = (; j) B= (; ; é) .Then A € R¥2, B ¢ R and

ap (11423 1042:1 11420\ _ (7 2 1\ _poa
3.1+4.3 3.044-1 3.14+4-0 15 4 3

(iv) Let A = (1 2) ,B = (i) .Then A € R*2, B € R?*! Hence both AB and
B A are well defined and
AB=348=11 R (=R)

and
BA — 3.1 3-2 _ 3 6 c R2X2,
4.1 4.2 4 8

The following theorem states elementary properties of matrix multiplication. We
recall that Id,, », denotes the n x n identity matrix.

Theorem 2.1.3 The following holds:

(i) Matrix multiplication is associative,

(AB)C = A(BC), A eR™" BeR™k CeR,
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(ii) Matrix multiplication is distributive,
(A+B)C=AC+BC, A,BeR™" CeR™,
AB+C)=AB+AC, AeR™" B CeR"™.
(iii) Multiplication with the identity matrix 1d, x,, satisfies

A-Tdyy, = A, AeR™" Id,x,-B =B, BeRYk,

Remark To get acquainted with matrix multiplication, let us verify Theorem (i) of
Theorem 2.1.3 inthe case m = 2, n = 2, and k = 2. Forany A, B, C € R2%2Z the
identity A(BC) = (AB)C is verified as follows: let D := BC, E := AB. Itis to
show that AD = EC. Indeed, forany 1 <i, j <2,

2 2 2 2
(AD);; = Zaikdkj = Zﬂlik( brecej) = Z Zaikbkzcej
1

k=1 k=1 = k=1 £=1
and
2 2 2 2 2
(EC);j = Zei(ZCIZj = Z (Zaikbke)%' = Z Zaikbk£C€j~
=1 =1 k=l =1 k=1

This shows that AD = EC.

Note that in the case A and B are square matrices of the same dimensions, i.e.,
A, B in R"™", the products AB and BA are well defined and both are elements in
R™ " In particular, AA is well defined. It is demoted by A2. More generally, for
any n € N, we denote by A" the product A - - - A with n factors.

It is important to be aware that matrix multiplication of square matrices in R"*"
withn > 2 is not commutative, i.e., in general, for A, B € R**" onehas AB # BA.

As an example consider A = ((1) (2)) and B = G (1)) . Then AB # BA since
AB — 1 0\/1 O _ 1 0 ’
0 2/\1 1 2 2
BA— 1 0\/1 O _ 1 0 .
1 1J\0 2 1 2

As a consequence, in general (AB)* # A2B2.

whereas
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However matrices in certain special classes commute with each other. The set of
diagonal n x n matrices is such a class. Indeed if A, B € R"*" are both diagonal
matrices, A = diag(A), B = diag(B), then AB is also a diagonal matrix, AB =
diag(AB), with

(AB)i; = a;ib;;, 1=<i<n,

implying that AB = BA.
Definition 2.1.4 Let A, B € R"*",

(i) A and B commute if AB = BA. They anti-commute if AB = —BA.
(ii) A is invertible if there exists C € R"*" so that AC =1d,,»,, and CA = Id,, ;.

Remark

(i) One easily verifies that for any given A € R"*", there exists at most one matrix
B € R™" g0 that AB = Id,,x,, and BA = Id, «,. Indeed assume that C €
R™*" satisfies AC = Id,,x, and CA = Id,,«,,. Then

C =C -Idyxn = C(AB) = (CA)B = 1d,x, -B = B.

Hence if A € R™*" is invertible, there exists a unique matrix B € R"*" so that
AB =1Id,, and BA = Id,,. This matrix is denoted by A~! and is called the
inverse of A. Note that the notion of the inverse of a matrix is only defined for
square matrices.

(ii) A matrix A = (a1;) € R is invertible if and only of a;; # 0 and in such a
case, (A71)11 = 1/ay.

Examples Decide which of the following 2 x 2 matrices are invertible and which
are not.

(i) The matrix (8 8) , referred to as null matrix, is not invertible since for any

B € R?*?
0 0 0 0\ /b1 b2 0 0
(o 0) (o o) <b21 b22> (0 0) 7 ld2xz
(ii) The matrix (8 (1)) is not invertible since for any B € R?*?

0 1 0 1 b1y b by by
(o 0) (o 0) (bs m) (0 ) # 10

(iii) The identity matrix Ids x> is invertible and (Idzxz)_l = Idyw«o.
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. . . 30\. . .
(iv) The diagonal matrix A = 04 is invertible and

1
et 8)
4

(v) The matrix A = (i i) is invertible. One can easily verify that

14 -2
Al=—Z .
(7

How can the inverse of an invertible 2 x 2 matrix A = <a Z) be computed? In the
c

case where det(A) ## 0, it turns out that A is invertible and its inverse A~ lis given

by
d —b
1 _ [ . — [ —
A= ( d ”) _ (d"*(j‘) d"’iﬁf‘)). 2.1)
et(A) \~c a det(A)  det(A)

Indeed, one has

A-lA = 1 d —b\[(a b
T det(A) \—c¢ a)\c d

1 da —b db — bd
<_a ¢ )=Id2x2-

T det(A) ca+ac —cb+ad
Similarly one verifies that AA™! = 1dyyo.
Before we describe a procedure to find the inverse of an invertible n x n matrix,
let us state some general results on invertible n x n matrices. First let us introduce

GLg(n) := {A eR"™ | Ais invertible}. (2.2)

We remark that GL stands for ‘general linear’.
Theorem 2.1.5 The following holds:
(i) Forany A, B € GLr(n), one has AB € GLRr(n) and

(AB)"'=B71a7l.
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As a consequence, for any k € N, AX € GLRr(n) and (Ak)_1 = (A_l)k. We
denote (A~1)* by A=* and define A° := 1d,, .
(ii) For any A € GLR(n), A~ € GLgr(n) and

(A™H 1 = A.

To get acquainted with the notion of the inverse of an invertible matrix, let us verify
Theorem 2.1.5(1): first note that if A, B € GLR(n), then A=, B~ are well defined
and so is B"'A™!. To see that B~'A~! is the inverse of AB we compute

(B'A™HYAB) =B ' (A 'A)B=B"! - 1d,xn -B =B 'B=1dyx»
and similarly
(AB)B'A' = ABB ™ HA ' = A -1dysp A" = AA" = 1d,1sp .

Hence by the definition of the inverse we have that AB is invertible and (AB)"lis
given by B! A1, To see that Theorem 2.1.5(ii) holds we argue similarly. Note that
in general, A~1B~!is not the inverse of AB, but of BA. Hence in case A and B do
not commute, neither do A~! and B!,

Questions of interest with regard to the invertibility of a square matrix A are the
following ones:

(Q1) How can we decide if A is invertible?
(Q2) In case A is invertible, how can we find its inverse?

It turns out that the two questions are closely related and can be answered by the
following procedure: consider the system (S) of n linear equations with n unknowns

ayxy +---+ampx, = b

an1X1 + -+ -+ AppXp = by
where A = (a;j)1<i,j<n and b = (b1, ..., b;) € R". We want to write this system
in matrix notation. For this purpose we consider b as a n x 1 matrix and similarly,

we do so for x,

by X

by, Xn
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Since A is a n x n matrix, the matrix multiplication of A and x is well defined and
Ax € R"™! Note that

n
(Ax); = Zajkxk =ajix;1+ -+ ajpxy.
k=1
Hence the above linear system (S), when written in matrix notation, takes the form
Ax = b.

Let us assume that A is invertible. Then the matrix multiplication of A~! and Ax is
well defined and

AN Ax) = (A7 A)x = Idyn x = x.
Hence multiplying left and right hand side of Ax = b with A~!, we get
x=A""b.

It follows that for any b € R”, the linear system Ax = b has a unique solution,
given by A~!h. Introduce the following vectors in R”,

eM=01,0,---,0, ¢?:=©,1,0,---,0), ..., e™:=(@,---,0,1).

If b = eW with e viewed as n x 1 matrix, then x = A~ le™ is the first column of
A~ More generally, if b = ¢, 1 < j < n, with e/) viewed as n x 1 matrix, then
A~ lel) is the jth column of AL Summarizing, we have seen that if A~ exists,
then for any b € R", Ax = b has a unique solution and A is regular. Furthermore,
we can determine A~ ! by solving the following systems of linear equations

Ax = W, Ax = @, e Ax = ™.

Conversely, assume that A is regular. Then the latter equations have unique
solutions, which we denote by xM ... x® and one verifies that the matrix B,
whose columns are given by xD o x™ satisfies AB = Id,«,. One can prove
that this implies that B equals A~! (cf. Corollary 2.2.6).

Our considerations suggest to compute the inverse of A by forming the following
version of the augmented coefficient matrix

ayy - a1l 0O -+ 0
: o1 -0

ani o apy |0 0 oo 1
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and use Gaussian elimination to determine the solutions x| ..., x®.
We summarize our findings as follows.

Theorem 2.1.6 The square matrix A is invertible if and only if A is regular. In case
A is invertible, the linear system Ax = b has the (unique) solution x = A™'b.

We recall that by Definition 1.3.8, a n x n matrix A is said to be regular if it can
be transformed into the identity matrix Id, «, by the row operations (R1)-(R3). In
such a case, the above version of the augmented coefficient matrix

ag - a1 0 - 0

: Do 1 0

Ayl agy |0 0 e 1
gets transformed into

1 - 0llby -+ by

0 1 bnl bnn

and A~ is given by the matrix (b;;)1<i,j<n-

Examples For each of the matrices A below, decide if A is invertible and in case it
is, determine its inverse.

(i) For A = < i i) consider the augmented coefficient matrix

1 11 0
-1 110 1

and compute its reduced echelon form.

(a) By the row operation R, ~> R + Rp, one gets

1 1|1 0
0 21 1]

(b) Then apply the row operations Ry ~~ /> Ra,

1110
0 1|'n 'l
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(c) Finally, the row operation Ry ~» R; — R» yields
L oll'lr ='h
0 1||'n 'hl’

thus

a_ (" =L\ _ 11 -1
4 _(1/2 1/2>_§<1 1)'

Note that the result coincides with the one obtained by the formula

1 (d —b)
det(A) \—c al’

1 -2 2
(i1)) ForA=|1 1 —1 | consider the augmented coefficient matrix
2 3 1
1 =2 211 0 0
1 1 —11{/0 1 O
12 3 1[0 0 1

and compute its reduced echelon form.

(a) By the row operations Ry ~» R» — Ry, R3 ~» R3 — 2R one gets
1 -2 2 1 00
0 3 -31|—-1 1 0
0 7 =-31||-2 0 1

(b) Then apply the row operation R3 ~» R3 — '/3 Ry,

R

W

I
W

I
_
—_
o

(¢) In anext step, apply the row operations R> ~ /3 Ra, R3 ~ /4 R3,

1 -2 2 1 0 0
0 1 -1 -5 50
0 0 1 Yo ="he s
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(d) Finally, by first applying the row operation R; ~~ Rj 4+ 2R»,

10 s %0
01 —1| -4 In 0|,
0 0 1 Yo =" Ya

(e) and then the row operations Ry ~» Ry + R3, one arrives at

1 00 Ve 20
01 0| =Y =Y '
0 0 1 Yo =T Vs
Hence
5 o0
A== =

Yo =" Vs

(iii) For A = < i 3) consider the augmented coefficients matrix

2 34|10
-4 —6(0 1

and try to compute its reduced row echelon form.

(a) Apply the row operation R, ~» R> + 2R to get
2 3)1 0
0 0f|2 1]

It follows that A is not regular and hence according to Theorem 2.1.6, A is not
invertible.

We finish this section by introducing the notion of the transpose of a matrix.

Definition 2.1.7 Given A € R™*", we denote by AT the n x m matrix for which
the ith row is given by the jth column of A and call it the transpose of A. More
formally,

AT =aji, 1<i<n1<j<m.
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Examples
- _ (12 2x2 T_ (13 2x2
1) A_(34>6R ~ A= 24 eR
14
(ii) —[25]erix AT (123) cmre,
36 456

1 1
i) A=[2]eR¥>*  AT=[2] R,
3 3

Definition 2.1.8 A square matrix A = (a;;)1<;, j<n € R"*" is said to be symmetric
if A = AT or, written coefficient wise,

Examples
(i) A= 12 is symmetric
“\23) Y '

(i) A= (i i) is not symmetric.

(iii)) If A € R™" is a diagonal matrix, then A is symmetric. (Recall that A is a
diagonal matrix if A = diag(A).)

Theorem 2.1.9
(i) Forany A € R™" B e R"*k

(AB)T = BTAT.
(ii) Forany A € GLR(n), also AT € GLg(n) and

To get more acquainted with the notion of the transpose of a matrix, let us verify
the statements of Theorem 2.1.9: given A € R"™*", B € R"*¥, one has AB € R"*k
andforany 1 <i <m,1 < j <k,

(AB)ij =Y _aithj = Yy (ANu(B)je =Y (BN (AN = (BTAT) ;i
=1 (=1 =1

and on the other hand, by the definition of the transpose matrix, ((AB)T) ji =
(AB);j. Combining the two identities yields (AB)T = BTAT. To see that for any
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A € GLr(n) also AT € GLg(n), the candidate for the inverse of AT is the matrix
(A~HT. Indeed, by Theorem 2.1.9(i), one has

AHAHT = A'AT =1d", =1dpun

nxn

and

(AHTAT = (AAHT =1dT, = 1d,x, .

nxn

Problems

1. Let A, B, C be the following matrices

-1 0
2 -1 2 -1 2
A:( ) =2 2. C:( )
4 -2 4 » 1 0 2
(i) Determine which product Q - P are defined for Q, P € {A, B,C } and
which are not (the matrices Q and P do not have to be different).
(ii)) Compute AB and BA.
(iii) Compute 3C> + 2C2.
(iv) Compute ABC.

2. Determine which of the following matrices are regular and if so, determine their

inverses.
1 2 =2
i A=]0 -1 1
2 3 0
1 2 2
@ B=| 0 2 -1
—1 0 -3

3. (i) Determine all real numbers «, 8 for which the 2 x 2 matrix

G 9

is invertible and compute for those numbers the inverse of A.
(i) Determine all real numbers a, b, ¢, d, e, f for which the matrix

a d e
B:=10 b f
0 0 ¢

is invertible and compute for those numbers the inverse of B.
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4. (i) Find symmetric 2 x 2 matrices A, B so that the product AB is not
symmetric.
(ii) Verify: for any 4 x 4 matrices of the form

A= A A 7 B— By B
0 A3z 0 B3
where Ay, Ay, Az and Bj, By, B3 are 2 x 2 matrices, the 4 x 4 matrix AB
is given by

AB — A1B1 A1By+ AyB3 .
0 A3 B3

5. Decide whether the following assertions are true or false and justify your
answers.

(i) For arbitrary matrices A, B in R2x2,

(A+ B)> = A’ + 2AB + B>

(i) Let A be the 2 x 2 matrix A = <; §> Then for any k € N, AX is invertible

and for any n, m € 7Z,
An+m — AnAm.

(Recall that AV = Idox2 and for any £k € N, A% is defined as
AR =(A7Hk)

2.2 Linear Dependence, Bases, Coordinates

In this section we introduce the important notions of linear independence / linear
dependence of elements in R, of a basis of R¥, and of coordinates of an element
in R with respect to a basis. In Chap. 4, we will discuss these notions in the more
general framework of vector spaces, of which R¥ is an example. An element a of
R is referred to as a vector and is written as a = (a1,...,a) whereaj, 1 < j <k,
are called the components of a. Depending on the context, it is convenient to view
a alternatively as a 1 x k matrix (ay - - - ag) € Rk or as a k x 1 matrix

ai
a=|: e RF<1,
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Definition 2.2.1 Assume thata(V, ..., a™ are vectors in R¥ where n > 2 and k >
1. A vector b € R* is said to be a linear combination of the vectors aV, ..., a®™ if
there exist real numbers o1, ..., a;, so that

n
b=auaV +- - +a,a™ or b:Zaja(j).
j=1

The notion of linear combination in R is trivial, involving the addition and
multiplication of real numbers. The following examples illustrate the notion of
linear combination in RZ,

Examples

(i) n = 2. Consider the vectors ") = (1,2) and a® = (2, 1) € R2. The vector
b = (b1, by) = (1,5) is a linear combination ofa® and a@, b = 3¢V — a?@,
Indeed,

3¢ —a® =3(1,2) = (1,2) = (3,6) — (2, 1) = (1,5) = b.

(ii) n = 3. Consider the vectors aV) = (1,2),a® = (2, 1),and a® = (2,2) € R2.
The vector b = (b1, by) = (1, 5) is a linear combination of a®,a® and a®,
b=2aM —24@ 4+ %aG). Indeed,

3 3
2aM) —24® 4+ 3 a® =21,2)—22, 1)+ 3 2,2)
=2,49-42+@3,3)=(,5).
Note that according to (i), one also has b = 3¢ — 4@ 4+ 0a®. Hence the
representation of b as a linear combination of a®. a® and a® is not unique.

Definition 2.2.2

(i) Assume that a®, ... a™ are vectors in R where n > 2 and k > 1. They are
said to be linearly dependent if there exists 1 < i < n so that a® is a linear
combination of @'/, J #i,ie., if thereexista; € R, j # 1, so that

a= 3" ajal,

JF#

1<j<n

Equivalently, a®, . ...a™ are linearly dependent if there exist 81, ..., B, €
R, not all zero, so that

n
0=>) Bja".
j=1
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We say in such a case that 0 is a nontrivial linear combination of a1, ..., a®™.

(ii) The vectors aV, ..., a™ are said to be linearly independent if they are not
linearly dependent. Equivalently, a®, ... a™ are linearly independent if for
any 1, ..., By € R, the identity Z?:] ,Bja(f) = 0 implies that 8; = 0 for any
l<j=<n

According to Definition 2.2.2, any set of numbers ¢V, ..., a®™, n > 2, in R
is linearly dependent. Furthermore, any two vectors a‘! and a® in Rk k > 2,
are linearly dependent if and only if a! is a scalar multiple of a® or a(z) is

a scalar multiple of (1. The following examples illustrate the notion of linear
(in)dependence in R?.

Examples

(i) n = 2. The two vectors a¥ = (1,2), a® = (2, 1) are linearly independent

in R2. Indeed, since (1,2) is not a scalar multiple of (2, 1) and (2, 1) is not a
scalar multiple of (1, 2), a1 and a® are linearly independent.
To verify that a1 and a® are linearly independent, one can use the alternative
definition, given in Definition 2.2.2. In this case one needs to verify that for any
B1, B2 in R, Bra'V + Bra® = 0 implies that B; = 0 and B = 0. Indeed, the
equation B1a' + Bra'® = (0, 0) can be written in matrix notation as

A (@ B (8) A= (; ?) 2.3)

Sincedet A =1-1—2-2 = —3 # 0, the homogeneous linear system (2.3) has
only the trivial solution 81 = 0, 8> = 0.

(ii) The three vectors aV = (1,2), a® = (2,1), and a® = (2,2) € R? are
linearly dependent. Indeed,

2
a® + Za®. 2.4)

To verify that a(V, a®, and a® are linearly dependent by using the alternative
deﬁnition given in Definition 2.2.2, it suffices to note that by (2.4) one has
a(l) + 3 a(2) —a® = 0, meaning that 0 can be represented as a nontrivial

llnear comblnatlon of the vectors aV), a(z), and a®.

Figures 2.1, 2.2, 2.3, and Fig. 2.4 show the notion of linear (in)dependence and linear
combination in R2.

Important questions with regard to the notions of linear combination and linear
(in)dependence are the following ones:

(Q1) How can we decide whether given vectors a'V, ..., a™ in R¥ are linearly
independent?
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X2 3(2)

> X1

Fig. 2.1 Linearly independent vectors in R2. Note that the two arrows representing the vectors
point in different directions

X2

X1

, A

(a) (b)

X2

= X1
8@
(c)
Fig. 2.2 Linearly dependent vectors in R2. (a) The linear dependence is shown by the fact that the

two arrows representing the vectors point in the same direction or... (b) that they point in opposite
directions or... (¢) that one vector is the null vector

X2

Q)

o <Y 221
2

Ney

X1

Fig. 2.3 A linear combination of vectors in R?. The vector a1 + 2a® is the sum of vector a(V
and twice vector a®
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Fig. 2.4 The null vector as a X2
linear combination of
a®,a? a® e R Note B5aC) B,a(2)
that because the sum of 2
ﬂla(l) + ﬂZaO) + ,830(3) 3(2) (3)

yields the null vector, the a
arrows representing this sum 061 2D

form a closed loop with start a® X
and end at the origin

(Q2) Given vectors b, aWD, ... a™ in R¥, how can we decide whether b is a
linear combination of ™V, ..., a™? In case, b can be represented as a linear
combination of a(V, ..., a™, how can we find o1, ...,a, € Rso that

n
b= Zaja(j)?
=

Are the numbers «fy, . . ., o, uniquely determined?

It turns out that these questions are closely related with each other and can be
rephrased in terms of systems of linear equations: assume that b, a®, ... a™ are
vectors in R¥. We view them as k x 1 matrices and write
b] agl) all a%")
b=|: aV =1 : =1 : a =1 :|=

N ceey

ain

b al’ a1 a” kn

Denote by A the k x n matrix with columns C1(A) = a®, ..., C,(A) = am,

1
ai] ... dip a})...a}")
A= : : = : :
1
akl ... Akn a,£>...a,gn)
Recall that b is a linear combination of the vectors a‘V, ..., a™ if there exist real
numbers o1, ..., «, so that

n
b= Zaja(j).
j=1
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Written componentwise, the latter identity reads

n

b = alail) +-~-+ana§n) = Zaljocj

j=1

n
by = ala,((]) + -4 ozna,((") = Zakjocj
j=1

or in matrix notation, » = Ac«, where

o]
a=|: | er!

(7

Note that A € RF*" and hence the matrix multiplication of A by « is well
defined. Hence we can express the questions, whether b is a linear combination
of aW, ..., a™, and whether ¢V, ..., a™ are linearly (in)dependent, in terms of
matrices as follows:

(LC) b is a linear combination of a®, ... a™ if and only if the linear system
Ax = b has a solution x € R**!.

(LD) aW, ..., a™ are linearly dependent if and only if the linear homogeneous
system Ax = 0 has a solution x € R"*! with x # 0.

(LI) a®, ... a®™ are linearly independent if and only if the linear homogeneous
system Ax = 0 has only the trivial solution x = 0.

The following example illustrates how to apply (LC) in the case where k = 4 and
n=23.

Example Letb = (5,5, —1, —2) € R* and
aV=(1,1,01, a®=02-1,-1), a%=(2-100.

Then b is a linear combination of a(l), a(z), a®. Verification. We look for a solution
x € R3 of the linear system Ax = b where

a1 @2 (3 1 -2
ap - ap a 0 X1 >
. . . 1 2 -1 5
A = . . . = N X = X2 s b —
@ 6 o -1 0 -
X
ag dy - a4y 1 -1 1 3 —2
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To this is end, we transform the augmented coefficient matrix

1 0 =2 5
1 2 -1 5
0 -1 0]-1
I -1 1] -2

in row echelon form.

Step 1. Apply the row operations Ry ~» Ry — Ry, R4 ~» R4 — Ry,

1 0 -2 5
0o 2 1 0
0 -1 0] -1
0 -1 3| -7
Step 2. Apply the row operation R>..3,
1 0 =2} 5
0 -1 0]-1
0o 2 1 0
0 -1 3| -7

Step 3. Apply the row operations R3 ~» R3 + 2R, R4y ~~ R4 — R»,

I 0 -2 5
0 -1 0]}-1
0 0 1]-2
0 0 3| -6

S O O =
(e
[
8

Therefore, x3 = —2, xp = 1, x; = 5 + 2x3 = 1 and hence
b=1-a®+1.a® +(=2)-a® =a® 4+ 4@ — 24

In the important case where k = n, we have, in view of the definition of a regular
matrix, the following
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Theorem 2.2.3 Assume that aV, ..., a™ are vectors in R". Then the following
two statements are equivalent:

(i) a®, . a™ are linearly independent.
(ii) The n x n matrix A is regular where

o g

A= : :
al ... a”

Definition 2.2.4 The vectors al, ..., a™ in R¥ are called a basis of R* if every
vector b € RF can be represented in a unique way as linear combination of
al, ..., a"™ ie. if forevery b € R¥ there exist uniquely determined real numbers
o1, ..., a, such that

n
b= Zocja(j).
j=1

The numbers a1, ..., «, are called the coordinates of b with respect to the basis
a®, ..., a™ . For abasis, consisting of the vectors a®, ..., a™, we will often use
the notation [a(, . .., a™] or [a] for short.

Theorem 2.2.5

(i) Any basis of R consists of k vectors.

(ii) If the vectors aV, ... a® e RK are linearly independent, then they form a
basis in RF.

(iii) Ifa(l), . ,a™ are linearly independent vectors in RF with 1 < n < k, then
there exist vectors a"tV ... a® e RF so thataW, ..., a® an+tD  4®
form a basis of RX. In words: a collection of linearly independent vectors of
R* can always be completed to a basis of R¥.

Examples

(i) The vectors
eM=01,0,...,0, e?=(0,1,0,...,0), ..., e®=(,...,0,1),

form a basis of Rk, referred to as the standard basis of R¥. Indeed, any vector
b= (b1, ...,by) € R¥ can be written in a unique way as

k
b= bje.
j=1
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The components by, ..., by of b are the coordinates of b with respect to the
standard basis [e] = [e(D, ..., e®] of R¥.

(ii) The vectors a¥ = (1, 1), a® = (2, 1) form a basis of R2. Indeed, according

to Theorem 2.2.5(ii), it suffices to verify that a1, ¢® are linearly independent
in R2. By Theorem 2.2.3, this is the case if and only if

n @
G _(12)
oD 4@ 11
is regular. By Gaussian elimination,

12 Ry~~Rr—R; 1 2 Ry~~—Ry 12 Ri~>R|—2R; 10
Ay o d g
11 0 -1 01 01

and hence A is regular. Alternatively, to see that A is regular, one can show that
det A # 0. Indeed, one hasdet A =1-1—-2-1=—15#0.

(iii) Let us compute the coordinates of the vector b = (1, 3) € R? with respect to

the basis [a] = [aV, a®] of R? of Item (ii). To this end, we solve the linear
system Ax = b where A is given as in Item (ii). By Gaussian elimination,

1 21| R~R—R |1 211
AN
1 13 0 —112

yielding x; = —2, x; = 1 — 2xp = 5, and hence

b=75a" — 24P, (2.5)

Note that by (2.5), the coordinates of b with respect to the basis [a®, a@] of

R? are 5 and —2, whereas the ones with respect to the standard basis of R? are 1
and 3. For a geometric interpretation, see Fig. 2.5. An important question is how the
coefficients 5, —2 and 1, 3 are related to each other. We consider this question in a
more general context. Assume that

[a]l :=[aV,...,a™] and  [b]:=[bV,..., "]

are bases of R” and consider a vector u € R". Then

n n
u=Yaa?,  u=YpgpY
j=1 j=1

where o1, ..., a, are the coordinates of u with respect to [a] and By, ..., B, the
ones of u with respect to [b]. We would like to have a method of computing 8;,
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X2

5 55(1)
_23(2)

4

3

2.

b
Ve
X1

-4 =43 =2 1 2 4 5

1

e

/ ! 2

Fig. 2.5 A geometric interpretation of Example (iii). Note that vector b has coordinates 1 and 3
in the coordinate system using the standard basis of R2, but can be expressed by 5a" — 24® and
hence has the coordinates 5 and —2 with respect to the basis a", a®

1 <j<nfromaj;, 1< j < n. Tothis end we have to express the vectors a as

linear combination of the vectors b, ..., p®;
n f11 ... Hn
a¥) = Ztijb(i)’ T =
i=1 tal - Ian
Then
n n n n
Z:Bib(l) —u= Z‘xja(]) — Zaj Ztijb(l)
i=1 j=1 j=1 =1
or

Xn: piv? = Xn: (Xn: iy )b,

i=1 i=1  j=1

Since the coordinates of u with respect to the basis [b] are uniquely determined one
concludes that g; = Z;'.:l tijaj for any 1 < i < n. In matrix notation, we thus
obtain the relation

ay B1
B=Ta, a=1]:1, B=1:1. (2.6)

(077] Bn
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It turns out that a convenient notation for 7 is the following one
T = Id[a]_>[b] . (27)

The jth column of T is the vector of coordinates of a'/) with respect to the basis
[b]. Similarly, we express b\ as a linear combination of aV, ..., a®,

n S11 --- S1n
b =Y 5a®, =
i=1

Snl -+ - Snn

We then obtain
o = S,B, S = Id[b]_>[a] . (2.8)

We will motivate the notation Idj,)—[p; for T in a much broader context in
Sect. 4.2, once we have introduced the notion of vector spaces and linear maps. At
this point, we just record that Idj,j—[5] can be viewed as the matrix representation
of the identity operator on R” with respect to the bases [a] and [b].

Theorem 2.2.6 Assume that [a] and [b] are bases of R". Then

(i) S and T are regular n x n matrices, hence invertible.
(ii) T =851

Note that Theorem 2.2.6 can be deduced from (2.6) and (2.8). Indeed

2.8
>

(2.6)
>

=T«
oa=Sp

B=TSp
oa=STa.

It then follows that 7S = Id,,«,, and ST = 1d,,«,,1.e., T = st

Example Consider the standard basis [e] = [eD @ 37 of R3 and the basis
(6] = b1, b®, b™] of R3, given by

p =(1,1,1), »® =(0,1,2), b = (2,1, -1).

Let us compute § = Id[}—[¢]. The first column of S is the vector of coordinates of
b with respect to the standard basis [e],

PO =1 e £ 1.6@ 4 1.0,
and similarly,

PP =0-eD 41.6@ 4268 pD=2.eM 4 1.6 1.0,
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Hence
0

S=11 1 1
2

By Gaussian elimination, we then compute 7 = Idj(5) = S/,

3 —4 2
T=1-2 3 -1
—1 2 -1

The coordinates{ B, P2, B3 of u = (1,2,3) € R3 with respect to the basis [b],
w=Y_, B;bV, can then be computed as follows:

Step 1. Compute the coordinates of u with respect to the basis [e],

a1 =1,ap =2, a3 =3.

Step 2.
3 —4 2 1 1
B=Ildgspoa=Ta=|-2 3 -1 21 =11
—1 2 -1 3 0

Henceu = 1-bD +1-6@ 0.5,
The formula 8 = Id[¢]—[») @ can be expressed in words as follows,

B = 'new’ coordinates, « = ’old’ coordinates;
[] = ’new’ basis, [e] = ’old’ basis.

We will come back to this topic when we discuss the notion of a linear map and its
matrix representation with respect to bases.

Problems

1. (i) Decide whether 'V = (2,5), a'® = (5, 2) are linearly dependent in R
(ii) If possible, represent b = (1,9) as a linear combination of a = (1,1
and a® = (3, —1).
2. Decide whether the following vectors in R? are linearly dependent or not.

@ a® =(@1,2,1),a?® = (-1, 1,3).
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(i) a® = (1,1,-1),a® = (0,4, -3),a® = (1,0,3).

3. (i) LetaV :=(1,1,1),a® := (1, 1, 2). Find a vector a® € R3 so that ¢V,
a®@, and a® form a basis of R3.
(i) Let [a] = [aV, a®] be the basis of R?, given by

a =1, -1, a® =@2,1).

Compute Id[e]_>[a] and Id[a]_>[e] .
4. Consider the basis [a] = [a(l),a(z),a(3)] of R3, given by a® = (1,1,0),
a® = (1,0, 1) and a® = (0, 1, 1), and denote by [¢] = [¢(V, e® ] the
standard basis of R3.

6)) Compute S = Id[a]_>[e] and T := Id[e]ﬁ[a].

(i) Compute the coordinates a1, a2, a3 of the vector b = (1, 2, 3) with respect
to the basis [a], b = a1aV +a2a® +a3a®, and determine the coefficients
B1, B2, B3 of the vector a'V 424 4343 with respect to the standard basis

[e].
5. Decide whether the following assertions are true or false and justify your
answers.
(i) Let n, m > 2. If one of the vectors aWl, ... a®™ ¢ R™ is the null vector,
then a®, ..., a™ are linearly dependent.
(i1) Assume that a®, ... a™ are vectors in R%. If n > 3, then any vector
b € R? can be written as a linear combination of ¥, ..., a®.

2.3 Determinants

In Sect. 1.2, we introduced the notion of the determinant of a 2 x 2 matrix,

ailr  an
det(A) = ayjjaz — apani, A= ( )
ai ax

and recorded the following important properties (cf. Theorem 1.2.2):

(i) Forany b € R?, Ax = bhasa unique solution if and only if det(A) # 0.
(ii) Cramer’s rule for solving Ax = b, b € R2. Let

Cy = Ci(A) := (““), Chr = Cr(A) = (“12>, b= <b1>.
any ann by
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Then

det (b C2) det (C; b)
Xl = ——F > X = ———_.
"7 det(c) Co) 27 det(C )

We now want to address the question whether the notion of determinant can be
extended to n x n matrices with properties similar to the ones of the determinant of
2 x 2 matrices. The answer is yes! Among the many equivalent ways of defining the
determinant of n X n matrices, we choose a recursive definition, which defines the
determinant of a n x n matrix in terms of determinants of certain (n — 1) x (n — 1)
matrices. First we need to introduce some more notations. For A € R"*" and 1 <
i, j <n,wedenote by A"/ € R#=Dxn=D the (5 — 1) x (n — 1) matrix, obtained
from A by deleting the ith row and the jth column.

Example For

c R3X3

S

I
N B =
o W N
O N W

one has

89)° 78)° 79)°
89)° 79)° 78

To motivate the inductive definition of the determinant of a n x n matrix, we first
consider the cases n = 1, n = 2. One has

n=1: A= (a;) e Rl s det(A) =a;.

aj a
n=2: A= ( 1 12) ~+ det(A) = ajraxy — ajpan
azl a2

which can be written as
det(A) = ay; - det(AD) —ayy - det(A1?)

= (=1)'"ay; - det(A0D) + (=1)"+2a5 - det(A1?)

2
=Y (=D)"™ay; - de(ATD).
j=1



62 2 Matrices and Related Topics

Definition 2.2.1 For any A € R"*" with n > 3, we define the determinant of A as

det(A) =Y (=)' ayj det(AD). (2.9)
j=1

Since A7) isa (n — 1) x (n — 1) matrix for any 1 < j < n, this is indeed a
recursive definition. We refer to (2.9) as the expansion of det(A) with respect to the
first row of A.

Example The determinant of

3
1] e R3X3

b

I
el "l
S NN

can be computed as follows. By Definition 2.2.1

det(A) = (=D -det(AT D) + (= 1)122 - det(A1?) + (= 1)! 33 det(AT ).

21 41 42
ALD — A2 A3
01/’ 11/)° 10/)°

det(A)=(2-1=0)—24-1—=1-1)+34-0-2-1)=2—-6—6=—10.

Since

one gets

Let us state some important properties of the determinant.
Theorem 2.2.2 Forany A € R**" and 1 < k < n, the following holds:
(i) Expansion of det(A) with respect to the kth row of A.

n
det(A) = Z(_l)k+jakj det(A%:1y.
=1
(ii) Expansion of det(A) with respect to the kth column of A.

n
det(A) = Z(-1)i+’<a,~k det(AUR)),
j=1
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(iii) The determinant of the transpose of A.

det(AT) = det(A).

Note that Item (iii) of the latter theorem follows from Item (ii), since (AT); j=aj
and (AT)(I,j) — AUD.

To state the next theorem let us introduce some more notations. For A € R"*",
denote by C; = C1(A), ..., C, = C,(A) its columns and by R = R(A), ...,
R, = R, (A) its rows. We then have

A=(Ci---C). A=

Rn
Theorem 2.2.3 For any A € R™™", the following identities hold:
(i) Foranyl1 < j <i <n,

det(Cy -+ Cj-+-Ci+-Cy) = —det(Cy---Ci -+ Cj -+ Cp).

By Theorem 2.2.2(iii), it then follows that a corresponding result holds for the

rows of A,
R R
R; R;
det| : | =—det] :
R; R;
Rl'l Rl’l

(ii) Foranyh e Rand1 <i <n,
det(Cy---ACi---Cp)=A-det(Cy---C;---Cy)
and for any b € R"*1,
det(C1---(Ci +b)---Cp) =det(Cy---C;---Cp) +det(Cy---b--- Cp).
By Theorem 2.2.2(iii), it then follows that analogous statements hold for the
rows of A.

(iii) Forany 1 <i,j <nandi # j, » € R,

det(Cy -+ (Ci +ACj) -+ Cp) =det(Cy -+ C; - - Cp).
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By Theorem 2.2.2(iii), it then follows that an analogous statement holds for the
rows of A.
(iv) If A is upper triangular, namely a;j = 0,1 > j, then

n
det(A) = ajraxy - ap, = Hajj.
j=1

In particular, det(Id, ) = 1 and det(0,,x,) = 0 where 0,,x,, denotes the n x n
matrix, all whose coefficients are zero.

Remark Expressed in words, Theorem 2.2.3(ii) says that for any 1 <i < n, det(A)
is linear with respect to its ith column and Theorem 2.2.3(iii) says that for any
1 <i < n,det(A) is linear with respect to its ith row (cf. Chap. 4 for the notion of
linear maps).

In view of the rules for computing det(A), stated in Theorem 2.2.3, one can
compute det(A) with the help of the row operation (R1)—(R3).

Example Let

1 2 3
A=|4 2 1]eRrR¥
1 0

Then det(A) can be computed as follows.

Step 1. Applying the row operations R ~~ R» — 4R, R3 ~» R3 — Rj to A does
not change its determinant (cf. Theorem 2.2.3(iii)),

1 2 3
det(A) =det |0 -6 —11
0o -2 =2

Step 2. Next apply the row operation R3 ~ R3 — /3 R, to get

1 2 3
det(A) =det{O0 -6 —11],
0 0 A

and hence (cf. Theorem 2.2.3(iv))
1 2 3

det(A) =det [0 —6 —11]=-10.
0 0
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We finish this section by stating the following important properties of determinants.
Theorem 2.2.4 For any A € R"*", A is regular if and only if det(A) # 0.
Theorem 2.2.5 Forany A, B € R"*", the following holds:

(i) det(AB) = det(A) det(B).
(ii) A is invertible if and only if det(A) # 0 and in case det(A) # 0,

1
det(A™!) = )
det(A)
Theorem 2.2.5 implies the following

Corollary 2.2.6 Assume that for a given A € R™"*", there exists B € R"*" so that
AB = 1d, . Then A is invertible and A~! = B.

Theorem 2.2.7 (Cramer’s Rule) Assume that A € R"*" is regular. Then for any
b € R™ ! the unique solution of Ax = b is given by x = A~'b and for any
1 < j < n, the jth component x; of x by

e det(Ac;(a)~b)
T det(A)

where Ac;(A)y~b s the n X n matrix, obtained from A by replacing the jth column
Cj(A)of Abyb.

Problems

1. Decide whether the following vectors in R3 form a basis of R3 and if so,
represent b = (1, 0, 1) as a linear combination of the basis vectors.

(i) aV =(1,0,0),a® = (0,4, —1),a® = (2,2, -3),
(i) aV = (2, -4,5),a?® = (1,5,6),a® = (1, 1, 1.

2. Compute the determinants of the following 3 x 3 matrices

1 2 3
iA=[ 4 5
7

6

8 9
1 2 3

i) B=|4 5 6).
7 8 9
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3. (i) Compute the determinant of the 3 x 3 matrix

0 l25
A= |- 1 0
1 1 1

(i) Determine all numbers a € R for which the determinant of the 2 x 2 matrix

=1 o)+ 1)

vanishes.
4. Verify that for any basis @D, a@® a®1of R3, [—a®, 24P, a4+ 4P is also
a basis.
5. Decide whether the following assertions are true or false and justify your
answers.

(i) det(AA) = A det(A) forany A € R, A € R"*" n > 1.
(i) Let A € R™" n > 1, have the property that det(A%) = 0 for some k € N.
Then det(A) = 0.



Chapter 3 ®)
Complex Numbers Qe

So far we have worked with real numbers and used that they are ordered and
can be added and multiplied, tacitly assuming that addition and multiplication
satisfy the classical computational rules, i.e., that these operations are commutative,
associative, . ... It turns out that for many reasons, it is necessary to consider an
extension of the set R of real numbers. These more general numbers are referred to
as complex numbers and the set of them is denoted by C. They can be added and
multiplied. One important feature of complex numbers is that for any equation of
the form

"y daix4+ay=0

X"+ a,_1x"
withn > 1anda,_1, ..., ap arbitrary real numbers, there exists at least one solution
in C. In particular, the equation

2 +1=0,

admits a solution in C, denoted by i. Additionally, —i := (—1) iis a second solution.

Before introducing the complex numbers in a formal way, let us give a brief
overview on the steps of gradually extending the set of natural numbers to
larger systems of numbers. The natural numbers 1,2, 3, ... appear in the process
of counting and have been studied for thousands of years. The set of these
numbers is denoted by N. Natural numbers are ordered and can be added and
multiplied.

A first extension of N is necessary to solve an equation of the form

x4+a=b, a,beN, a=>b.

Note that such equations frequently come up in the business of accounting. Since
a > b, this equation has no solution in N and it is necessary to introduce negative
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numbers and zero. The set
..., —2,—-1,0,1,2,...

is denoted by Z and its elements are referred to as integers. Foreacha € N, x +a =
a has the unique solution 0 € Z. More generally, for any a,b € Z, x +a = b has
the unique solution

x=b+(—a) €.

Integers are ordered and can be added, subtracted, and multiplied. To solve
equations of the form

ax=b, a,beZ, a#0,
one needs to extend Z and introduce the set of rational numbers

Q:={ L | p € Z,q €N; p, g relatively prime}.
q

Rational numbers are ordered. They can be added, subtracted, multiplied, and be
divided by nonzero rational numbers.
Note that the equation

x2=2

has no solution in Q. (To see this, argue by assuming that it does and show that
this leads to a contradiction.) We remark that x can be interpreted as the length
of the hypotenuse of a rectangular triangle whose smaller sides have both length
1. Considerations of this type led to the extension of QQ to the set R of real
numbers. Elements in R, which are not in Q, are referred to as irrational numbers.
Irrational numbers can be further distinguished. Irrational numbers, which are roots
of polynomials with rational numbers as coefficients, are referred to as algebraic,
whereas numbers, which do not have this property such as 7 and e, are called
transcendental numbers.) Real numbers are ordered. They can be added, subtracted,
multiplied, and divided by nonzero real numbers. But as mentioned above, R is not
algebraically closed, i.e., there are polynomials with real coefficients which have no
roots in R.

3.1 Complex Numbers: Definition and Operations

A complex number is an element (a, b) € R? which we conveniently write as z =
a +1b where the letter i stands for imaginary. The real numbers a and b are referred
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Fig. 3.1 The complex plane (imaginary axis)
with the real and the )
imaginary axis !

(real axis)

to as real and imaginary parts of z and denoted as follows

a = Re(z), b = Im(z).
The set of all the complex numbers is denoted by C and sometimes referred to as the
complex plane (Fig.3.1). We write z = 0 if Re(z) = 0 and Im(z) = 0. A complex
number in C \ {0} is referred to as a nonzero complex number. If z = ib, b € R,
then z is called a purely imaginary number.

It turns out that addition and multiplication of complex numbers can be defined
in such a way that they satisfy the same computational rules as real numbers.

Addition The addition of complex numbers is defined by the addition of vectors in
R?. Recall that vectors (a, b), (a’, b’) € R? are added componentwise,

(a,b)+ (@, b)=(a+ad b+b).

Accordingly, the sum of two complex numbers z = a +1ib, 7’ = a’ +1b’ is defined
as

z4+7 =(@+ib) + (@ +ib) := (a +d) +ib + V).
Note that for z/ = 0 one has
2+0=@@+0)+i(b+0) =z
Example The sum of the complex numbers z = 2 + 41, 7/ = 3 + i is computed as
z+7 =@2+3)+i@d+1)=5+5i.

Multiplication The key idea to define a multiplication between complex numbers
is to interpret i as a solution of 24+1= 0,1.e.,

i’ =—1.
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Assuming that the terms involved commute with each other, the multiplication of
z=a+iband 7/ = a’ 4 ib’ can be computed formally as follows,

22 =(@+ib)d +ib) :=ad +iba’ +iab +i>bb'.

Using that i> = —1 and collecting terms containing i and those which do not, one
gets zz' = (aa’ — bb') +i(ab’ + ba’). Hence we define the multiplication zz’ of two
complex numbers, z =a +ib, 7 =a’ +ib’ as

77 = (aa’ — bb') +i(ab’ + ba').

For reasons of clarity we sometimes write z - 7’ instead of zz'.

Example For z =2+ 41,7/ = 3 + i, one computes
W =Q2-3-4-1)+iQ2-14+4-3)=2+il4.

We have the following special cases:

(i) If z = a € R, then
727 = a7z’ = (ad’) +i(ab")

corresponds to the scalar multiplication of the vector (a’, b') € R? by the real
number a € R. In particular 1 - 7/ = 7/.
(i) Ifz=1b, b € R, then

27 =ib(d +ib) = b(—b +ia') = —bb' +ibd.

Geometrically, multiplication by ib can be viewed as the composition of
a rotation in R? by m/2 (in counterclockwise orientation) with the scalar
multiplication by b.

(iii) If z =0, then0 -7/ = 0.

One can verify that the standard computational rules are satisfied: the operations
of addition and multiplication are associative and commutative and the distributive
laws hold.

Absolute Value, Polar Representation The absolute value of a complex number
z = a +1ib is defined as the length of the vector (a, b) € R? and denoted by |z],

|z| = va? + b2.

In particular |z| = 0, if and only if z = 0. It leads to the polar representation of a
complex number z # 0. Indeed

(a,b) = va?+ b2 (cos g, sing) = (v a? + b2 cos ¢, v a* + b2 sing) (3.1)
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where ¢ is the oriented angle (determined modulo 27) between the x-axis and the
vector (a, b). Hence, we have by the definition of multiplication that

z=lzlcosp +ilz|sing = |z|(cos ¢ +ising).
To shorten our notation, we introduce
e(p) :=cos ¢ +1ising,
yielding the polar representation
z = [zle(p).
Note that |e(¢)| = 1. For reasons of clarity, we can write z = |z| - e(¢). Note that

the angle ¢ is only determined modulo 27, i.e., ¢ might be replaced by ¢ + 27k for
an arbitrary integer k € Z.

Examples

(i) Polar representation of z = —2:
lz] =2 ~» z=2(cosm +isinm) =2-e(m).
(ii) Polar representation of z = 1 + i (Fig. 3.2):
lZl=VI+1 =v2 ~ z= ﬁ(cos(n/4)+isin(n/4)) =2 -e(n/4).
(iii) Polar representation of z = 1 — i (Fig. 3.3):

Izl =vV2 ~ z=+2 e(—n/4) =2 -e(Tn/4).

Fig. 3.2 A graphical Im(z)
illustration of the polar
representation of the number

z=1+1 i 1+i

Re(z)
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Fig. 3.3 A graphical Im (Z )
illustration of the polar i

representation of the number
T
/4/ \ L Re(z)

z=1-—1
\ s

The polar representation is particularly useful for the multiplication and the division
of non zero complex numbers: let z, 7/ be nonzero complex numbers with polar
representation z = |zle(¢), 2’ = |zle(¢’). Then

7z = 1z]|Z’|(cos ¢ + ising)(cos ¢’ + ising’)
= |z]12'|((cos ¢ cos ¢" — sin @ sin¢’) + i(cos ¢ sin ¢’ + sin ¢ cos ¢")).
Since by the trigonometric addition theorems
cos @ cos ¢’ —sin@sing’ = cos(p+¢’),  cos@sing +singcos ¢’ = sin(p+¢’),
one obtains
27’ = |zl|Z|e(p + ¢).
In particular, one has |zz'| = |z]|Z/|.

Given z # 0, the formula above can be used to determine the inverse of z, denoted
by % It is the complex number 7z’ characterized by

1 =zz' = [z]lZle(p + ¢").

Hence
/ 1 /
|Z'] = m, ¢ = —¢ (mod 27),
ie.,
1 1
- = —e(—9).
z |zl

More generally, the formula for the multiplication of two nonzero complex
numbers in polar representation can be applied to compute their quotient. More
precisely, let z, 7/ be nonzero complex numbers with polar representations
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z = |zle(p) and 7’ = |7'|e(¢"), respectively. Then
z , L7

—i=7—= ey —9).
z z  lzl

Conjugation The complex conjugate of a complex number z = a + ib is the
complex number

Z:=a—1ib.

Note that 0 = 0 and that for any z # 0 with polar representation z = |z|e(¢), one
has

Z = |zle(—9).

For a geometrical interpretation of the effects of a complex conjugation of the
complex number z, see Fig. 3.4.
Note that for any z € C,

Z=(a+ib)(a—ib) =a*+b* =|z|%

This can be used to compute the real and imaginary parts of the quotient z’/z of the
nonzero complex numbers z’ and z. Indeed, letz = a +ib and 7/ = a’ +ib’. Then
we multiply nominator and denominator of z’/z by Z to obtain

7 77 (' +ib)(a—ib)
2z a? 4 b?

aa+bb ba—ab

+1 .
a? +b? a’+b?

Example Compute real and imaginary part of the quotient (2 + 31i)/(1 — i). Since
1 —1i=1+1,one has

2431 1+4i Q2+3)+1) 2-34i3+2) l+_5
: = = =—=4i=.
1—i 1+4i I1+1 2 2 2
Fig. 3.4 Geometrically, the Im(z)
map z +> Z corresponds to ib a+ib

the reflection in R? at the .
x-axis, (a, b) — (a, —b) I

Re(z)

—ib a—ib
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Note that in this example, the computations in polar coordinates would be more

complicated as the angle in the polar representation of 2 + 31 is not integer valued.

The following identities can be easily verified,

2+7 =72+7, 27/ =7-7.

Furthermore, z = 7 if and only if z is real, i.e., Im(z) = 0.

Powers and Roots The powers 7", n = 1,2... of a complex number z # 0 can
easily be computed by using the polar representation of z, z = |z|e(¢). Forn = 2
one gets

22 = Izle(p)|zle(p) = |z|%e(2¢).
Arguing by induction, one obtains for any n > 2,
2" = (1zle(@))" = |z|" (cos(ng) +isin(ng)) = |z|"e(ny).

Example Compute real and imaginary parts of (1 4 i)'2. Note that |1 +i| = /2
and thus 1 + i = «/2 e(rr/4). Hence

(1+1)'2 = 2% e(1277/4) = 64e(37) = —64.

Hence Re((1 + 1)!2) = —64 and Im((1 +1)!2) = 0.

The same method works to compute for any nonzero complex number z and any
natural number n > 1,

w1
z .—(Z) —|Z|n€( ne).

Example Compute real and imaginary part of (1 +1i)~8.
Since 1 +i = \/Ee(n/4), one has 1+H =-L e(—m/4) and therefore

Y
(47" = & e(—8n/4) = —
_2%6 =16’

yielding Re((1 +1)7%) = ¢ and Im((1 +1)~%) = 0.
Next we want to find all complex numbers w, satisfying the equation

w' =z
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where z is a given complex number and n > 2 a natural number. A solution of the
equation w" = z is called a nth root of z. In the case n = 2, w is referred as a square
root of z, rather than as the second root of z.

If z = 0, then the only solution is w = 0. If z # 0, consider its polar
representation, z = |z|e(¢). A solution w of w" = z then satisfies w # 0 and
hence has also a polar representation w = pe(y). Hence we want to solve

pe(ny) = |zle(y).

Clearly one has
1
p=lzl", ny = ¢ (mod 27).
There are n solutions of the latter equation, given by
% 2w
Yr=—4+k— (mod2r), O0<k<n-—1.
n n
Hence if z # 0, w" = z has n solutions, given by
2
we=lzlie(L+k=), O<k<n-—l.
n n

In the case z = 1, wy, ..., wy—1 are called the nth roots of unity. As polar
representation of z = 1, one can choose z = ¢(0) and hence one has wy = 1.

Examples
(i) Compute the 6th roots of the unity, w® = 1.
Note that wy = 1, wy :e(%”) =e¢(%)and
2 2 2
w2=e(2'?ﬂ)=e(§), w3=e(3~?n)=e(7r)=—l,
2 4 2 5
w4=e(4~§)=e(?n), wsze(s.?”)ze(?”)_
(ii) Compute the solutions of w3 = 2(v/3 +1).
Note that 2(v/3 + 1) = 4e(7/6). Thus wo = 4!/3¢(7r/18) and
w 4%(71_’_271) w 4%(n+2 271)
= e\ — — ), frd el — c— ).
: ITE 2 18 3



76 3 Complex Numbers

Remark The expression e(¢) = cos ¢ + ising can be computed via the complex
exponential function, given by the series

o]

1 1
Z —on _ )
e—Zn!z =ltz+5+..., z€C (3.2)
n=0
Euler showed that
e = cosx +isinx (Euler’s formula).

The complex exponential function has similar properties as the real exponential
function ¢*. In particular, the law of the exponents holds,

ot — ezez”
implying that for any z = a +1ib
eF = Tl = %P — ¢%(cosb + isinb).
It means that
e = e,
and that b (mod 27) is the argument of e*. By Euler’s formula, one has

elr e ix ) elxX — pmix
CoSx = ——— | sinx = ———
21

2

We remark that the trigonometric addition theorems are a straightforward conse-
quence of the law of exponents. Indeed, by Euler’s formula,

V) = cos(p + ) +isin(p + ),
and by the law of the exponents,

0TV = 1961V = (cos @ + isin@)(cos ¥ + isin)
= COs @ cos Y — sin ¢ sin { 4 i(sin ¢ cos ¥ + cos @ sin ).

Comparing the two expressions leads to

cos(¢p+1) = cos ¢ cos Y —sin @ sin ¥, sin(¢—+1) = sin ¢ cos Y +sin ¥ cos ¢.
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Problems

1. Compute the real and the imaginary part of the following complex numbers.
141

035 @ 2+3)* (i) a=o

-
1+1—+i

(iv)
1+ 353
2. (i) Compute the polar coordinates r, ¢ of the complex number z = v/3 +i and
find all possible values of z!/3.
(i) Compute the polar coordinates r, ¢ of the complex number z = 1 + i and
find all possible values of z!/3.
(iii) Find all solutions of z* = 16.

3. (i) Compute | =~
. (1) Compute .
P 34
(i) Compute real and imaginary part of the complex number Z}lil i

(iii) Express sin’ ¢ in terms of sin and cos of multiples of the angle ¢.
4. Sketch the following subsets of the complex plane C.

() Mi={zeCllz—1+2i|>|z+1]}
(i) Mo ={zeC|lz+i|>2|z—2| <1}

5. Decide whether the following assertions are true or false and justify your
answers.

(i) There are complex numbers z; # 0 and z2 # 0 so that zjz2 = 0.
(ii) The identity i° = i holds.
(iii) The identity i = e~ 17/2 holds.

3.2 The Fundamental Theorem of Algebra

The goal of this section is to discuss complex valued functions, p: C — C, given
by polynomials. In Chap. 5, such polynomials come into play when computing the
eigenvalues of a matrix.

By definition, a function p: C — C is said to be a polynomial in the complex
variable z, if it can be written in the form

P@) = an" +an12" 7 -+ arz +ao

where 7 is a nonnegative integer and ag, ay, . . ., a, are complex numbers. Written
in compact form using the symbol Y , p reads

n
PR =Y a7,
=0
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The complex numbers ag, ay, .. ., a, are referred to as the coefficients of p.If a, #
0, p is said to be a polynomial of degree n. Note that a polynomial p of degree O
is the constant function p = ag # 0. In case n = 0 and a9 = 0, p is said to be
the zero polynomial. It is customary to define the degree of the zero polynomial to
be —oo. In case all the coefficients are real, p is said to be a polynomial with real
coefficients.

Of special interest are the roots of a polynomial p, also referred to as the zeroes
of p. By definition, a (complex) root of a polynomial p of degree n > 1 is a complex
number w so that p(w) = 0.

Lemma 3.2.1 Assume that p(z) = a;jz/ and q(z) = Y )bzt are
polynomials with complex coefficients of degree n and m, respectively. Then:

(i) The sum p(z)+q(z) is a polynomial. In case n > m, it is polynomial of degree
n,

p@@)+qk) = Z ajz-/ + Z(aj +bj)z-/.

j=m+1 Jj=0

Incasen = m, p(z) + q(z) = Z?:o(aj + bj)zj is a polynomial of degree
<n.
(ii) The product p(z) - q(2) of p and q is a polynomial of degree m + n,

n+m

P@-q@ =) ad, a= ) ab.
k=0

jt=k

One says that p and q are factors of p(z) - q(2).
(iii) A complex number w € C is a root of p(z) - q(2) if and only if p(w) = 0 or
q(w) = 0. (Note that it is possible that p(w) = 0 and g(w) = 0.)

Lemma 3.2.1 has the following

Corollary 3.2.2 Letn > 1 and a, # 0, zx, 1 < k < n, be arbitrary complex
numbers. Then the product a, [[i_,(z — zk) is a polynomial of degree n. It has
precisely n roots, when counted with multiplicities. They are given by zi, 1 <k < n.
Forany 1 < k < n, z — zx is a polynomial of degree one and is referred to as a
linear factor of an [ [f—;(z — zk)-

Examples
(i) The function p: C — C, given by p(z) = (z — 1)(z + i) is a polynomial of

degree two. Indeed, when multiplied out, one gets

P =72 —z4iz+i=224+(-1+iz—1i.
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The degree of p is two and the coefficients are given by a» = 1, a1 = —1 +1,
and ap = —1i. Note (z — 1) and (z + 1) are polynomials of degree one and hence
linear factors of p. The roots of p are 1 and —i.

@ii) Let p(z) = (z — D(z +1) and ¢(z) = —(z — D)(z —1). Then p(z) +¢q(z) is a
polynomial of degree one. Indeed

PR +q@) =2+ (=1 +Dz—i—(+ (=1 =Dz +i) =2iz —2i,

or p(z) +q(z) = 2i(z — 1). Hence p(z) + q(z) is a polynomial of degree one
and its only root is 1.

A version of the fundamental theorem of algebra says that any polynomial with
complex coefficients of degree n > 1 of the form 7" + --- is a product of n
polynomials of degree 1. More precisely one has

Theorem 3.2.3 Any polynomial p(z) = Y ;_, ayz* of degree n > 1 with complex
coefficients ay, ay, . .., a, can be uniquely written as a product of the constant ay,
and of n polynomials of degree one,

n
PR =ayz—21) (2 —z) =an | [(2— 2. (3.3)
k=1
Remark
(1) The complex numbers z1, ..., z, in (3.3) do not need to be different from each

other. Alternatively we can write

p@) =ap(z—¢)" - (2 =)™

where ¢1, ..., ¢ are the distinct complex numbers among z, ..., z, and for
any 1 < j < {,m; € Nis referred to as the multiplicity of the root ¢;. One has
Zﬁ-:] mj =n.

(ii) The result, corresponding to the one of Theorem 3.2.3, does not hold for
polynomials p with real coefficients. More precisely, a polynomial p of degree
n > 2 with real coefficients might not have n real zeroes. As an example we
mention the polynomial p(x) = x2 + 1 of degree two, with real coefficients
ap = 1,a; = 0and ag = 1. Its graph does not intersect the x-axis and hence p
has no real zeroes (Fig. 3.5).

However, as it should be, p has two complex roots, z1 = i,z0 = —iand p
factors over the complex numbers,

p(2) = (z —)(z+1).
Note that the two complex roots are complex conjugates of each other (see

Lemma 3.2.4 below for a general result about roots of polynomials with real
coefficients). The fact that the version of Theorem 3.2.3 for polynomials p with
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Fig. 3.5 No intersection with y
the x-axis implies that there

are no real zeroes for

px) = X241

real coefficients does not hold, is one of the main reasons why we need to work
with complex numbers in the sequel: the eigenvalues of a real n x n matrix
(n > 2), might be complex numbers.

The next result concerns polynomials with real coefficients. Assume that p(z) =
ZZ:O akzk is a polynomial of degree n > 1 with real coefficients a;, 0 < k < n.
Assume that w € Cis aroot of p, 0 = p(w) = >}, ajw*. Taking the complex
conjugate of the left and right hand sides of the latter identity yields

n n n
0= Zakwk = Zakwk = Z@(E)k.
k=0 k=0 k=0
Since by assumption a; = a, it then follows

0= ax)" = paw),

k=0

i.e., w is also a root of p. We record our findings as follows.

Lemma 3.2.4 Let p be a polynomial of degree n > 1 with real coefficients. Then
the complex conjugate w of any root w € C of p, is also a root of p. Furthermore,
w and W have the same multiplicity.

Example (Polynomials of Degree Two with Complex Coefficients) Consider p(z) =
az® + bz + ¢ with a,b,c € C,a # 0. To find the roots of p, we proceed by
completing the square. One obtains

b b? b? b »2
P(Z)=a(zz+52+ﬁ)+c——=a(z+—) —|—c—5,

To find z1, z» with p(z;) = 0, one needs to solve

b o b
a(Z+Z) —E—C
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or
by b ¢
3 =aaa
We need to distinguish two cases:
2
Case 1. 4b7 — 2 = 0. Then
b 2
—~ )" =0,
(Z + a )
implying that
b
A=n=- o0
and

p(z)—a(z+5) .

2 . .
Case 2. f7 — 5 # 0. In this case, the equation

b? c 1
2 2
=——-——-=—(b"—4
v 4a2 a  4d? ( ac)
has two distinct complex solutions wi and w, where wy = —w; and wy # 0 is
given by

1

w) = — Vb? —4ac
2a

with a specific choice of the sign of the square root (cf. Sect.3.1). Hence the
two roots of p are

and we have

Example (Polynomials of Degree Two with Real Coefficients) Consider the polyno-
mial p(z) = az?® + bz + ¢ with real coefficients a, b, ¢ € R and a # 0. We argue in
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a similar way as in previous example and write by completing the square

b o b?
p@=a(z+ ) +e— -
2
Case . {5 — £ = 0. Then
b 2
~—) =0
(c+5)
and we conclude that
b
z1—zz——ZeR

The polynomial p(z) = az* + bz + ¢ can be written as a product of real linear
factors,

p) =a(z+ b )%

2a
2
Case 2. 4b7 — % > 0. Then
Vb* —4ac Vb* —4ac
Wl = —F7F w=——7 < 07
2a 2a
are real numbers and so are the roots

b 1 b 1
=——+ — b2 —4ac, =—— — — b2 —4ac.
“ 2a + 2a ac 2 2a  2a ac

Here and in the future, ~/b2 —4ac > 0 denotes the positive square root of
b* — 4ac. In this case, p(x) can again be written as the product of two real
linear factors,

1 b 1
—afz— (-2 + —Vp2—4 )(— Y )
p@=a(z= (=5 + 5 a)fe=(=3.73 ac)
Case 3. b* — 4ac < 0. Then
 A4ac — b?  A4ac — b?
w=i—> wy=—1——,
2a 2a



3.2 The Fundamental Theorem of Algebra 83

are purely imaginary numbers and the roots z1, z2 are now the complex numbers

b 1 b 1
Z1=——+i2—\/4ac—b2, zg:———iz— dac — b?.

2a a 2a a

Note that z; is the complex conjugate of z1, zo = Z1. As a consequence

p@ =alz— (— 2+ 2 Vaae—02)) (= (~ 2 — = Vaae —5?)).

2a  2a

Remark For polynomials of degree three, there are formulas for the three roots, due
to Cardano, but they are rather complicated. For polynomials of degree n > 5, it
can be proved that the roots can no longer be written as an expression of roots of
complex numbers.

Examples

(1) Represent p(z) = A+ —z—1lasa product of linear factors.
By inspection, one sees that z; = 1, z2 = —1 are roots of p. We get the
representation

P =G@—DE+ D +z+1).

The polynomial ¢(z) = z> + z + 1 has the roots

B 1+iﬁ _.__ Ll .3
3 = 2 2’ 4=23= ) 7

(ii) Represent p(z) = z® — 1 as a product of linear factors. By inspection, one sees
that

L-1=F-nDE+0D

and
3 _ 2 3 _ 2
7—=1=@-D@E" +z+1), Z+1=0+DE —z+1).
Hence z; = 1, zp = —1 are two real roots. As in Item (i), the roots of 22+z+1
are
1+.¢§ _ 1 V3
= — — 1—, = :———]—,
BETLRTIY “mBETL I

whereas the roots of z2 — z + 1 are

1+i¢§ 1 V3
== - =—-—1—.
25 ) ) 26 ) )
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Problems

1. Find the roots of the following polynomials and write the latter as a product of
linear factors.

(i) pz) =272 —4z—5
(i) p(z) =z>+2z+3

2. Let p(z) =2 — 5224+ z—5.

(i) Verify thatiis a root of p(z).
(i) Write p(z) as a product of linear factors.

3. (i) Find all roots of p(z) = 7% 4 272 — 5 and write p(2) as a product of linear
factors.
(i) Find all roots of p(z) = 2> + 3z + z and write p(2) as a product of linear
factors.
4. Consider the function

f:R—> R, X 0 +5x2 4+ x— 1.

(i) Compute the values of fatx = —1,x =0and x = 1.
(i) Conclude that f has three real roots.

5. Decide whether the following assertions are true or false and justify your
answers.

(i) Any polynomial of degree 5 with real coefficients has at least three real
roots.

(i) Any polynomial p(z) of degree n > 1 with real coefficients can be written
as a product of polynomials with real coefficients, each of which has degree
one or two.

3.3 Linear Systems with Complex Coefficients

The results about systems of linear equations with real coefficients of Chap. 1 and
the ones about matrices and related topics of Chap.?2 extend in a straightforward
way to a setup where the real numbers are replaced by the complex numbers. The
goal of this section is to introduce the main definitions and results.

Given any n € N, we denote by C” the Cartesian product of n copies of C, i.e.,
C"=CxCx---xC (n copies of C). Elements in C" are denoted by (z1, ..., 25),
zj € C. They are often referred to as (complex) vectors. Complex vectors can be
added and one can define a (complex) scalar multiple of a complex vector similarly
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as in the case of real vectors,

@1y eenz) @) =@+ 20 2+ 2,
Azl .oohzn) = (Az1, ..., Azn), A eC.
For notational convenience, the zero vector (0, ..., 0) is often denoted by 0.

Definition 3.3.1 An m x n matrix A with complex coefficients is an array of
complex numbers of the form

A = (aij)i<i<m, aij €C.

I<j<n

The set of all m x n matrices is denoted by C"*" or Maty, xn(C).
A system of m linear equations with complex coefficients and n unknowns
Z1, - -+, Zn 18 @ system of equations of the form

n
E ajjzj =bi, 1<i<m
j=1

wherea;; e C(1 <i <m,1 <j<n)andb; € C (1 <i <m).]Itis referred to as
a complex linear system. In matrix notation, it is given by Az = b where

21 by

z=|: ECnXl, b= E(CmXI, Az(aij)lfifm e C™,
I<j=zn

Zn b

and Az denotes matrix multiplication of the m x n matrix A with the n x 1 matrix
z, resulting in the m x 1 matrix Az with coefficients

n
E ajjzj, 1<i<m.
j=1

As in the case of real linear systems, complex linear systems can be solved by
Gaussian elimination, using the row operations (R1), (R2), and (R3), now involving
complex numbers instead of real ones. We say that a n x n matrix A € C"*" is
regular if A can be transformed into the n x n identity matrix Id, «, by the row
operations (R1), (R2), and (R3).

Definition 3.3.2 The general linear group over C is defined as

GLc(n) := {A ceC™" | Ais regular}.
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The determinant of a complex n x n matrix is defined in the same way as the one
of areal n x n matrix and it can be shown that for any A € C"*", A is regular if
and only if det(A) # 0.

Definition 3.3.3 We say that b € C is a C-linear combination (or linear combina-
tion for short) of complex vectors a®, ... a™ e Ckif there exist A1, ..., A, € C
such that

n
b= A,
j=1

Definition 3.3.4 The vectors al, ..., a™ e C¥ are said to be C-linearly indepen-
dent (or linearly independent for short) if for any A{, ..., A, € C with

n .
Z Aja(]) =0,
=1

it follows that A; = 0,...,A, = 0. Otherwise aV, ..., a"™ are said to be C-
linearly dependent (or linearly dependent for short).

Definition 3.3.5 The vectors al,...,a®™ e Ck form a basis of Ck if the
following holds:

@) a®, ..., a"™ are C-linearly independent;

(ii) every vector b € C* can be represented as a C-linear combination of
(€0 ()
a'V, .. .,a™.

Ifa®, ..., a"™ e C* form a basis of C¥, one has n = k and every element in Ck
can be written in a unique way as a C-linear combination of a®, ..., a®. A basis
a® ... a® of Ckis denoted by [a] = [aV, ..., a®)].

Example The vectors e) = (1,0, e® = 0, 1) in R? are R-linearly independent
in R2. Viewed as complex vectors in C2, W @ are C-linearly independent and
hence form basis of C2. It is referred as the standard basis of C>. Any vector b =
(b1,by) € C?2 can be written as a C-linear combination of ¢! and ¢® as follows,

b =bieV) + bre?.

Problems

1. Find the set of solutions of the following complex linear systems.

0 { 71—izp=2
(—14+Dz1+24+1)z2=0
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21+izn— (1 +1iz3=0
(ii) izi+z2+0+1)z3=0
(14+21)z1+ 1 +1)z2+2z3=0

2. (i) Compute the determinant of the following complex 3 x 3 matrix.

1 i I+i
A=10 —-1+i 2
i 2 1+2i

(i1) Find all complex numbers z € C with the property that det(B) = 0 where

g (1420 3+4i)
o 1-2i)

3. (i) Compute AAT and ATA where AT is the transpose of A and A € C>*3 is

given by
A= (1 ' 2) :
i -2 i

(i) Compute the inverse of the following complex 2 x 2 matrix

A 2i. 1..
141 1-—1

4. Decide whether the following vectors in C3 are C-linearly independent or C-
linearly dependent.

i) a® =1,241,1),a® = (1431, 1 +1,3+1)
) bV = (1 +1i, 1 =1, =141), 5@ = (0,4—21i, =3+51), b = (1+1,0, 3)

5. Decide whether the following assertions are true or false and justify your
answers.

(i) There exists vectors a', a® in C? with the following two properties:
(P1) For any a1, oy € R with ajaV + ara® = 0, it follows that a; = 0
and ap = 0 (i.e. a'V, a® are R-linearly independent).
(P2) There exist A1, B2 € C \ {0} so that B1aV + Bra® =0 (i.e. aV, a®
are C-linearly dependent).
(ii) Any basis [a] = [aV, ..., a"™] of R” gives rise to a basis of C", when
a®, ... a™ are considered as vectors in C".
(iii) The vectors 'V = (i, 1,0), a® = (i, —1, 0) are C-linearly independent
in C3 and there exists ¢® € C3 so that [a] = [¢, a?, a®] is a basis of
C3.



Chapter 4 ®
Vector Spaces and Linear Maps Qe

In this chapter we introduce the notion of a vector space over R or C and of maps
between such spaces which respect to their structure. Maps of this type are referred
to as linear maps.

4.1 Vector Spaces

Before we introduce the notion of a vector space in a formal way, let us review
two prominent examples of such spaces which we have already considered in the
previous chapters.

Recall that we denoted by R” the Cartesian product of n copies of the set of
real numbers R. Elements of R" are denoted by a = (ay, ..., a,) where a; € R,
1 < j < n, and referred to as vectors. Such vectors can be added and they can be
multiplied by a real number componentwise:

Vector addition. Fora = (a;,...,a,) and b = (by, ..., b,) in R",
a+b:=(a+bi,...,a, +by).
Multiplication by a scalar. Forany A € Randa = (ay, ..., a,) € R”",
a=Xt-a= ay,..., ay).

Similarly, we considered the Cartesian product C" of n copies of the set of
complex numbers C. Elements of C" are denoted by a = (ay,...,a,), a; € C,
1 < j < n, and are also referred to as vectors or complex vectors. Such vectors can
be added,

a+b= (al +b17'-'aan +bn)a
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and they can be multiplied by a complex scalar A € C,
la=XA-a=Qay,..., ay).

We now define the notion of a K-vector space where K denotes either R or C.

Definition 4.1.1 A K-vector space is a non empty set V, endowed with two
operations + (addition) and - (multiplication with a scalar A € K),

+:VxV-—->YV, (ab)ra+b, < KxV >V, (,a)—A-a,

with the following properties:
(VS1) (V,+) is an abelian group:
(i) + is associative: (a +b) +c=a+ (b+c) foranya,b,c € V.

(i) + is commutative: a +b =b +aforanya,b e V.

(iii) There is an element 0 € V sothat 0 +a = a +0 = a forany a € V. The
element is uniquely determined and referred to as zero or zero element of V.

(iv) For any element a € V, there exists a unique element b € V sothata+b = 0.
The element b is referred to as the inverse of a and denoted by —a.

(V' §2) The two distributive laws hold, i.e., forany A, u € Kanda,b € V,

@ A+p)-a=r-at+u-a,

(i) A-(@a+b)y=Ar-a+Ar-b.

(V §3) The scalar multiplication satisfies the following properties:

(1) Itis associative, i.e.,forany A, u € Kanda € V, A - (u-a) = (Au) - a.

(ii)) Foranya e V,1 -a =a.

Elements of a K-vector space are often referred to as vectors.

Remark Various useful identities can be derived from (V S1)—(V §3). Let us discuss

the following two examples:

(i) Foranya e V,0-a =0.
To verify this identity, note that0-a = (04 0) - a Yo.a + 0-a. Add on both
sides of the latter equality —(0 - a) to conclude that O il 0-a+ ( — (- a)) =
0-a+0-a+(—0-a)20-a

(ii)) Foranya e V,(—1)-a = —a.

To verify this identity, note that a+(—1)-a () l-a+(—1)-a © (1+(—1))-a =
0-a Remgk (i) 0
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Examples
(i) For any n € Zs1, (R",+, ) with addition + and scalar multiplication -

(i)

(iii)

(iv)

described as above is a R-vector space. Similarly (C", 4, ) is a C-vector
space. In summary, for any n € Z>1, (K", +, ) is a K-vector space.

For any m,n € Z>1, let V.= K™*" be the set of m x n matrices A with
coefficients in K,

A = (aijh<i<m, aij €K,
1<j=<n

and define addition of matrices and multiplication of a matrix by a scalar A € K
as in Sect. 2.1 in the case of m x n matrices with real coefficients,

4 K™ x KM — K™ ((aij)1<i<m, biji<izm) = @ij + bij)1<i<m,

1<j=n I<j=n 1<j=n
R ox KX — K7™ (A, @ij)1=izm) = (Maij)i<i<m.
I<j<n I<j<n

Then (K™*", +, -) is a K-vector space.
Let M[0, 1] := {f | [0, 1] — R}. Define addition on M[0, 1] by

+: M[O, 1] x M[0, 1] - M[0, 1], (f,ge)> f+g
where
f+g: [0, 1l =>R, 1t (f+80@)=[f@1)+g@),
and scalar multiplication
< Rx M[0,1] — M[0, 1], (A, [l A-f
where
A-fi[0,11 =R, t+= AH@):=r- f(2).
Then (M [0, 1], +, ) is a R-vector space. In a similar way, one can define
addition and multiplication by a scalar on M(K) := {f: K — K] so that
(M(K), +, -) is a K-vector space.
For any integer n > 1, let P, denote the set of all polynomials with real
coefficients of degree at most n. An element p € P, can be viewed as a

function

pRoR, tapt" +ap 1" '+ +ait +ag
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where a,, . .., ag are the coefficients of p and are assumed to be real numbers.
Define addition and scalar multiplication as in (3) above. Then (P,, +, ) is a
R-vector space.

Definition 4.1.2 If V = (V, +, ) is a K-vector space and W C V a nonempty
subset of V, then W is said to be a K-subspace (or subspace for short) of V if the
following holds:

(SS1) W is closed with respect to addition: a +b € W,a,b € W.
(§§2) W is closed with respect to scalar multiplication: Aa € W,a € W, A € K.

A subset of V of the form a + W where a € V and W a subspace of V, is referred
as an affine subspace of V.

Note that W with addition + and scalar multiplication - from V forms a K-vector
space.

Examples

(i) Assume that A € R™*" and let L := {x e RV | Ax = O}. Then L is a
subspace of R”*!. (Recall that R”*! can be identified with R"). To verify this
assertion we have to show that L is non empty and (SS1), (S52) hold. Indeed,
0 € R"*! is an element of L since AO = 0. Furthermore, for any x,y € L,
A € R, one has

Ax+y)=Ax+Ay=0+4+0=0, AAx) =2Ax =A-0=0.

(ii) Recall that M(R) := {f: R — R} and P, are R-vector spaces. In fact, we
verified in the previous example that P, is a subspace of (M R), +, )

(iii) The set of all subspaces of R? can be described as follows: {0} and R? are the
trivial subspaces of R?, whereas the nontrivial subspaces of R? are given by
the one parameter family of straight lines, Wy := {A(cos 0,sinf) | A € R,
0<6 < n}.

The notions of linear combination of vectors in R” (Definition 2.2.1) and C"
(Definition 3.3.3) as well as the notion of linearly dependent/linearly independent
vectors (cf. Definition 2.2.2, Definition 3.3.4) extends in a natural way to K-vector
spaces.

Definition 4.1.3 We say that a vector b in a K-vector space V is a K-linear
combination (or linear combination for short) of vectors a®, ..., a™ eV if there
exist Ay, ..., A, € K so that

n
b= ija(j).
j=1
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Definition 4.1.4 The vectors ¢V, ..., a™ in a K-vector space V are said to be K-
linearly independent (or linearly independent for short) if for any A, ..., A, € K
with

n
Z Aja(]) = 0,
Jj=1

it follows that A; = 0,...,A, = 0. Otherwise aV, ..., a™ are said to be K-
linearly dependent (or linearly dependent for short).

Similarly, the notion of a basis of R" (Definition 2.2.4) and the one of C"
(Definition 3.3.5) extends in a natural way to K-vector spaces.

Definition 4.1.5 Assume that V is a K-vector space and v v™ are elements
of V. Then [v] = [vV, ..., v(]is a basis of V if the following holds:

(B1) Any vector a € V can be represented as a K-linear combination of
v v®™ e there exist Aq, ..., A, € K sothata = Z?:l Ajv(/).
(B2) The vectors vV, ..., v™ are K-linearly independent.

Remark Equivalently, [v] is a basis if the following holds:

(B) Anya € V can be written in a unique way as a K-linear combination, a =
Z’}:I )‘j v(f).

The numbers A, ..., A, € K are called the coordinates of a with respect to the

basis [v].

The properties of bases of R"” and C", discussed in Sect.2.2 and respectively,
Sect. 3.3, also hold for bases of K-vector spaces.

Theorem 4.1.6 Assume that V is a K-vector space and [v] = D, . . v™]isa
basis of V. Then every basis of V has precisely n elements.

Definition 4.1.7

(i) Assume that V is a K-vector space and that [v] is a basis of V withn > 1
elements, [v] = [vV, ..., v®™]. Then V is said to be a K-vector space of
dimension n.

(i) A K-vector space is said to be finite dimensional if it admits a basis with finitely
many elements. The dimension of a finite dimensional vector space is denoted
by dimg (V) or dim(V') for short.

(iii) If V = {0}, then dim(V) = 0.

Examples

(1) Forany n > 1, V = R" is a R-vector basis of dimension n since the standard
basis [e¢] of R” has n elements,

eM=(1,0,...,0, ?=(0,1,0,...,0, ..., ™ =(,...,0,1).
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(i) For any n > 1, the space P, = P,(C) = {p(z) = Zzzoakzk | ag, ...,
a, € (C} is a C-vector space of dimension n + 1, since the polynomials
p© ..., p™, given by

PP =1, PP ) =z, pM(z) = 7"

form a basis of P,,.
Theorem 4.1.8 Assume that V is a K-vector space of dimension n > 1. Then:

(i) Every subspace W of V is a finite dimensional K-vector space and dim(W) <
dim(V).
(ii) If the vectors v span all of V,

m
V={> 2P a1, ... 0 €K},
j=1

then the following holds:

(iil) m > n;
(ii2) v, ..., v" isa basis of V if and only if m = n;
(ii3) if m > n, then one can choose n elements among v v which
form a basis of V.
(iii) If the vectors vV, ..., v in V are K-linearly independent then one has:

(iiil) m < n;

(iii2) vV, ..., v is a basis of V if and only if m = n;

(iii3) if m < n, then there exist elements wh o wm in Voso that
o D w("_m)form a basis of V.

Let us discuss an example.

Example Consider the following vectors in R3X1,

1 0 1 1
W 1), w@=[2]. wW=[_1]. wWw=|2
1 1 0 3

(1) Verify that v @ span all of R3x1,
It means that every element b € R3*! can be represented as a linear
combination of v, ... v® e, b = Zj’:l Ajv(j) where A1, ..., A4 € R.
Expressed in terms of linear systems, it is to show that for any b € R3*!,
the linear system ijl Xj v/) = b has at least one solution. We form the
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corresponding augmented coefficient matrix

0 1
2 -1
1 0

[ONIN ST
S
]

1 bs

and use Gaussian elimination to transform it in row echelon form.

Step 1. Ry ~» Ry — Ry, R3 ~» Rz — Ry,

1 0 1 1 by
0 2 -2 1 by — by
o1 -1 2 by — by
Step 2. R3 ~» R3 — 1/2 R>
1 0 1 1 by
0 2 -2 1 by — by
00 0 °h by —'hbr— /by

We conclude that b = Y7_; ;v with 3 A4 = by — 3 by — 3 b2, A3 = 0,
20 = —Aq4 + by —bi,and Ay = —X4 + by.

(i) By Theorem 4.1.8(ii3) we can find a basis of R>*! by choosing three of the
four vectors v, ..., v™. How to proceed? Note that dim(R3*!) = 3, and
hence vV, ..., v™® are linearly dependent. We want to find a vector among
v, .., v™ which can be expressed as a linear combination of the remaining
three vectors. It means to find a non trivial solution of the homogeneous system
Zj‘:] X jv(f ) = 0. According to the above scheme with b = 0 we get

1 0 1 1 0
0 2 -2 1 0
00 0 3, 0
With the solution x, givenby x4 = 0, x3 = 1, x = 1, and x; = —x3 = —1,

one obtains —v 4+ v@ 4+ 3 =0 or

oD = @ 4 B

Since vV, ..., v® span R3*! and dim(R3*") = 3, the vectors v®, v®, v®
form a basis of R3*1,

As an illustration of the notion of a subspace of a vector space and the one of the
dimension of a finite dimensional vector space, we introduce the notion of the rank
of a matrix. For any m x n matrix A € K™*", denote by C{(A), ..., C,(A) € Kmx1
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its columns and define the set
n
Ca={DY_ACi(A) | A1,.... 0 €K},
j=1

Then C4 is a K-subspace of K”*! and hence a finite dimensional K-vector space.

Definition 4.1.9 The rank of A, denoted by rank(A), is defined as
rank(A) := dim(Cjy).

Note that rank(A) < m since C, C K"*! and rank(A) < n since A has n
columns, implying that rank(A) < min {m, n}.

Proposition 4.1.10 For any A € K", rank(AT) = rank(A).

Remark For any A € K™*", denote by R{(A), ..., Ry(A) € K> the rows of A
and introduce

m
Ry = {Z)LkRk(A) | Aty dm €K} C K.
k=1

Then one has dim(R,) = rank(AT) and it follows from Proposition 4.1.10 that
dim(Ry) = dim(Cy).

Example Compute the rank of the matrix A € R3x4,

1 0 1 -1
A=11 1 0 1
1 1 1 2

The vector space generated by the columns of A is
4
Ca={D_1Ci(A) | M1..... 4 € R}
Jj=1
where the columns C;(A) € R3*L 1 < Jj <4, are given by

1 0 1 —1
ciay=1|1], CGAy=1|1], C3(A) =101, Ciy(A)=1| 1
1 1 1 2
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To compute rank(A) one has to construct a basis of C4. We want to use Theo-
rem 4.1.8(ii). Note that C is a subspace of R3*! and dim(R3*') = 3. Hence
the columns C;(A), 1 < j < 4, cannot be linearly independent. To choose from
Ci1(A), ..., C4(A) amaximal set of linearly independent ones, we need to study the
homogeneous linear system

4 A
Y xiCiy =0, x=["7]er™
; X3
Jj=1
X4

In matrix notation the latter linear system reads Ax = 0. We solve for x by Gaussian
elimination. The augmented coefficient matrix is given by

1 01 —1 0
1 1 0 1 0
1 11 2 0

Step1. R ~» Ry — Ry, R3 ~» R3 — R

oo -
=)
S
W =
o oo

Step 2. R3 ~» R3 — R»

1 0 1 1 0
01 -1 2 0
0 0 1 1 0

We then conclude that x4 is a free variable and
X3 = —X4; Xo = X3 — 2Xx4 ~ X2 = —3xy4; x1 = —x3—x4 =0.
Choosing x4 = 1 we get x3 = —1, xp = —3, x; = 0 and hence
C4(A) =3C2(A) + C3(A).

We conclude that [C{(A), C2(A), C3(A)] is a basis of C4. Hence dim(C4) = 3 and
in turn rank(A) = 3. Note that since dim(R3*!) = 3 one has C4 = R3*1.
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Finally we discuss the set L of solutions of a homogeneous linear system Ax = 0
where A is a m x n matrix in K”*". Note that

L={xeKkK"™|Ax =0}

is a K-subspace of K"*!. Let us compute its dimension. To this end we have to
construct a basis of L.

Recall that by using Gaussian elimination, L can be conveniently parametrized
by transforming the augmented coefficient matrix [A || 0] into reduced echelon form
(see (1.17) in Sect. 1.3). More precisely, by renumerating the variables x, ..., x,,
as yi, ..., yn, if needed, the augmented coefficient matrix [A || 0] of the system
Ax = 0 can be brought into the reduced echelon form [A | 0] by the row operations
(RD—(R3),

1 0 0 0 zz\l(k_;,_]) Zz‘ln 0
0 |1 0 0 Gy -+ am 0
0 ... T\] Tkkry -+ Gin 0
0o ... 0 .0 0
0 - 0 o0 0

The solutions of Xy = 0 are given by (cf. (1.18) and (1.19))

n n
V= - Z Zl\ljtj, ey Yk = — Z Zl\kjtj, yjii=tj, k+1=<j<n.
j=k+1 j=k+1
We summarize our findings as follows.
Theorem 4.1.11 The space of solutions of Xy =0,
L= {y e Km! |A\y=0},

is a subspace of K"*! with basis

— a1 (k+1) —d1n
—Gk(k+1) —Qgn

D = 1 , 0=k — 0
0 :

: 0

0 1
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By renumerating the unknowns y1, ..., y,, one obtains a basis v R of
L = {x e K"l | Ax = 0}. As a consequence, dim(L) = n — k.

A corresponding result holds for an inhomogeneous system of linear equations:
Theorem 4.1.12 Let A € K™*" and b € K™*! and assume that Ax = b has at
least one solution, denoted by xP*. Then the space of solutions

L={xeK™ | Ax = b}
equals the affine subspace xP* + Lyom of K'*! (cf. Definition 4.1.2),
L = xP" ~+ Lhom
where Liom is the subspace of K"*1, given by Lpom = {x e K™ | Ax = O}. The

solution xP* of Ax = b is customarily referred to as a particular solution.

Remark Note that xP¥ + Ly, € L, since for any x € Lpom,

AP 4 x) = AP + Ax =b +0=b.
Similarly, for any solution y € L one has
A(y —xP™) = Ay — AxP"' =b—b =0

and hence x 1=y — xP¥ € Lyom or y = xP¥ 4 x € xP¥ 4 Lyon.
Let us discuss an example.

Example We would like to compute the dimension of the space of solutions of the
homogeneous system Ax = 0 where A € R*>* is given by

1 11
A=1|2 1 -1 3 O
2 1 2 1 2

Recall that Lyoym = {x e R | Ax = 0} is a subspace of R3*!, since for any
x,x" € Lpom and any A € R

Ax+x) = Ax + Ax' =0,  A(x) = AAx = 0.

To compute the dimension of Lpom, we have to find a basis of Lpepy. The dimension
of Lpom is then given by the number of the vectors of this basis. Use Gaussian
elimination to bring the extended coefficient matrix [A || O] into reduced row
echelon form.
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Step 1. R, ~» R» —2R1, R3 ~» R3 — 2Ry,
1 1 1 1 1l 0

0 -1 -3 1 =2
0O -1 0 -1 0] 0

)

Step 2. R3 ~» R3 — Ry,

=]
|
—
|
W
—_
|
V)
o

o
w
|
(S}
)
o

Step3. R ~» Ry + R3, Ry ~» Ry — %R3,

L 1.0 %5 50

0O -1 0 -1 0 0

0 3 =2 2 0
Step 4. R ~» Ry + Ry,

1 0 % 5] 0

0 -1 0 -1 0 0

0 3 =2 2 0
Step 5. Ry ~» —R3, R3 ~~ %R},,

100 % i 0

01 0 1 0 0

00 1 =% 2 0

Hence x4, x5 are free variables and any solution of the system Ax = 0 has the form

X1 — 23 x4 — 13 x5 —? -5
b —X4 -1 0

x=|xs|=| 2hxa—2hxs | =x4| *s|+x5|-%
X4 X4 1

X5 X5 0 1
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It means that x is a linear combination of

-2 -1

-1 0

SONEN BN PRI
1

0 1

Since x4, xs are free variables, vV, v® are linearly independent and hence form a
basis of Lyom. One concludes that dim(Lpom) = 2.

Problems

1. Decide which of the following subsets are linear subspaces of the corresponding
R-vector spaces.

(i) W={(x1,x2,x3) € R? | 2x] + 3x2 +x3 = 0}.

(i) V = {(x1,x2,x3,x4) € R* | 4xp 4 3x3 + 2x4 = 7}.
(iii) GLr(3) = {A € R¥ | A regular}.
@iv) L = {(xl,xz) e R? | x1x2 = O}.

2. Consider the following linear system (),

3x1+x2—3x3 = 4
X1+ 2xp + 5x3 =—2.

(i) Determine the vector space of solutions Lpom € R of the corresponding
homogenous system

3x14+x2—3x3 =0
X1 +2x2+5x3 =0
and compute its dimension.

(i) Determine the affine space L of solutions of (S) by finding a particular
solution of ().

3. Let P3(C) denote the C-vector space of polynomials of degree at most three in
one complex variable,

P3(C) = {p(2) = @32’ + axz® + arz + ao | ao, ay, az, a3 € C},
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and by E3(C) the subset
E3(C) = {p € P3(C) | p(—2) = p(2),z € C}.
(1) Find a basis of P3(C) and compute dim P3(C).

(ii) Verify that E3(C) is a C-subspace of P3(C) and compute its dimension.
4. Consider the subset W of C3*3,

W ={(aij)=ij<3 € C¥3 g =01<i<j< 3}.

(i) Find a basis of C3*3 and compute its dimension.
(ii) Verify that W is a linear subspace of C3*3 and compute its dimension.

5. LetA = (“1> € R?x1,

az

(i) Determine the rank of ATA € R!*! and of AAT € R2*2 in terms of A.
(i) Decide for which A the matrix ATA and for which A the matrix AAT is
regular.

4.2 Linear Maps

In this section we introduce the notion of a linear map between vector spaces. If not
stated otherwise V, W are K-vector spaces where K denotes either R (field of real
numbers) or C (field of complex numbers).

Definition 4.2.1 A map f: V — W is said to be K-linear (or linear for short) if it
is compatible with the vector space structures of V and W. It means that

(L) fw+v)=f@w+ fw), wu,veV,
(L2)  fGu)=Arf(w), reKuelV.

From (L1) and (L2) it follows that for any vV, ..., v™® e V, A1,..., A, € K,

OB ED IV ICED!
j=1

j=1

Lemma4.2.2 If f: V — W is a linear map, then f(0y) = Ow where Oy denotes
the zero element of V and Ow the one of W.

Note that Lemma 4.2.2 can be verified in a straightforward way: using that Oy =
Oy + Oy, it follows that f(Oy) = f(Oy) 4+ f(Oy) = 2 f(0y) implying that

Ow = f(Ov) — fOv) =2fOy) — f(Oy) = f(Oy).
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Examples

®
(i)

(iii)

(iv)

)
(vi)

Let V=W = Randa € R. Then f: R - R, x + ax is a linear map.
Indeed, (L1), (L2) are clearly satisfied.
Let V =R"™! W = R"™*! Then forany A = (a;;)1<i<m € R™*"

I<j<n

n
Y i—1a1jx;
fa: R S R v Ax = :

n
Zj:l amjXj

is linear since (L1) and (L2) are clearly satisfied. The map f4 is called the
linear map associated to the matrix A.

Let f: R? — R? be the map which maps an arbitrary point x € R? to the point
obtained by reflecting it at the x-axis. The map f is given by f: (x1,x2) —
(x1, —x2). Identifying R? and R>*! one sees that f can be represented as

f(xlaX2)=A<2>, A=<(1) _?)

hence by Item 4.2, f is linear.
Let R(¢) denote the map R?> — R?, defined by rotating a given vector x € R?
counterclockwise by the angle ¢ (modulo 27). Note that

(1,0) — (cos ¢, sing), 0, 1) > (—sing, cos @).

Identifying again R? and R>*! one can verify in a straightforward way that

Fora) = A (xl) A= (cosgo —smgp) ’
x2

sin ¢ cos ¢

hence by Item 4.2, f is linear.

Let f: R — R, x + x2. Then f is not linear since f(2) = 22 = 4, but
f) + f(1) =2, implying that f(1 + 1) # 2 f (1), which violates (L1).

Let f: R - R, x — 1+ 2x. Then f is not linear since f(0) = 1, f(1) = 3,
and hence f(1 4+ 0) # f(1) + f(0), violating (L1).

Definition 4.2.3 The nullspace Null(f) and the range Range(f) of a linear map
f:V — W are defined as

Null(f) :={x € V| f(x) =0}, Range(f) := {f(x) | x € V}.

Alternatively, Null(f) is also referred as the kernel of f and denoted by ker(f).
Note that Null( f) is a subspace of V and Range( f) one of W.
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Theorem 4.2.4 For any linear map f: K" — K™, there exists a matrix A € K™*"
so that f(x) = Ax, for any x € K". (Here we identify K"*! with K".) The matrix
A is referred to as the matrix representation of f with respect to the standard bases
[exr] = [e]%,?, e eﬁg,?] of K" and [egm] = [e]%,z,, e e]%g,’,,)] of K™,

The following notation for A turns out to be very convenient:

A = flegnl—lexm]-

Remark In the sequel, we will often drop the subscript K” in e]% and simply write
)
e,

To get more familiar with the notion of a linear map, let us determine the

matrix A € K™*" in Theorem 4.2.4. Given x = (x1,...,x,) € K", we write
_\n )
x =) iy xjeg and get

Fa = £ xjedd) =Y xifed).
j=1 j=1

With f(e]g‘(i,,)) = (aij, ..., am;) € K™, one has

Yo aijx;
fx) = : = Ax

n
2 i1 mjX;
where A is the m x n matrix with columns given by

al Aain
anw:=| 1|, ..., cw@=

am1 Amn

More generally, assume that V is a K-vector space of dimension n with basis
w] = wD,...,v™], W a K-vector space of dimension m with basis [w] =
[w®,...,w"™], and f: V — W a linear map. Then the image f(v/)) of the
vector v/) can be written in a unique way as a linear combination of the vectors of
the basis [w], namely

m
£ = .
i=1
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Definition 4.2.5 The matrix

A = (aij)1<i<m
I<j=n

is called the matrix representation of f with respect to the basis [v] of V and [w]
of W and is denoted by f{y)—[w]. The coefficients of the jth column C;( fy]—[w])
of fiy]—[w] are given by the coefficients of f(v()) with respect to the basis [w].
(The notation f[,}—[w] coincides with the one introduced in (2.7) in Sect. 2.2 in the
special case where V = R", W = V, and f is given by the identity map.)
Theorem 4.2.6 Assume that f: V — W is a linear map, x = Z?:l xjv(j), and
fx)=>", yiwD. Theny = (y1, ..., ym) is related to x = (x1, ..., x,) by

Y = flvl=[wlX-

In words: the coordinates of f(x) with respect to the basis [w] can be computed
from the coordinates of x with respect to the basis [v] with the help of the m x n
matrix f[v]—>[w]y ie,y= f[v]_>[w]x.

Let us verify the statement of Theorem 4.2.6: writing f(v(/)) as a linear
combination of the vectors in the basis [w], f(v()) = Z;"zl aij wD one has

n n n m m n
f(ijv(j)) = ijf(v(j)) = ij Zaijw(i) = Z(Zaijxj)w(i).
j=l1 j=1 j=1 i=l

i=l j=1

So Y__; aijx; is the ith coordinate of the vector f(Y__; x;v/) with respect to
the basis [w].

Linear maps between two vector spaces can be added and multiplied by a scalar,
resulting again in linear maps.

Proposition 4.2.7 Let V and W be K-vector spaces. Then the following holds:
(i) If f,g: V — W are linear maps and ) € K, then so are

f+g:V->Wixr f(x)+gk), Af: V= W, x = Af(x).

(ii) If f: V — W is a bijective linear map, then its inverse f~': W — V is also
linear.

The matrix representation of the linear maps of Proposition 4.2.7 can be computed
as follows.
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Theorem 4.2.8 Let V and W be K-vector spaces and let [v] = D, ..., v™] be
a basis of V and [w] = [wD, ..., w"™] be one of W. Then the following holds:

(i) If f, g: V. — W are linear maps and A € K, then

(f + i=1wl = flvl=Twl + &l—[wl> AN w=w] = Aivl—[w]-

(ii) If f:' V. — W is a bijective linear map, then dim(V) = dim(W) and
fivl=1w1 € K™ is a regular. The matrix representation of the inverse
' W — V of f satisfies

Dot = Giolow) ™ 4.1)

An important property of linear maps is that the composition of such maps is again
linear, a fact which can be verified in a straightforward way.

Proposition 4.2.9 Assume that V, W, U are K-vector spaces and f:V — W,

g: W — U are linear maps. Then the composition

gof:V—Uxmg(f(x),

is a linear map.

We now discuss the relation between the composition of linear maps and matrix
multiplication, already mentioned in Sect.2.1. Assume that V is a K-vector space

of dimension n with basis [v] = [vV, ..., v™], W a K-vector space of dimension
m with basis [w] = [w®, ..., w™]and U a K-vector space of dimension k with
basis [u] = [uD, ..., u®]. Furthermore, assume that

f:V->Ww, g:W—->U,
are linear maps with matrix representations A = fiy]—[w] and B = g[y]—[u]- The

following theorem says how to compute the matrix representation (g o f)[y]—[u] Of
the linear map

gof:viwiu
Theorem 4.2.10 Under the above assumptions,

(& ° >l = gwl—>[u] * fvl—[w]-

Remark The formula (4.1) for the matrix representation of the inverse f~': W —
V follows from Theorem 4.2.10,

dysn = s = (F 7 o Opioil = F D wl>1o] - fivl—>lwl-
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To get more familiar with the composition of linear maps, let us verify the
statement of Theorem 4.2.10. With x = }™_; x;v and f (")) = Y1 aj;w®
one gets

fx) = Z Zaz/x/

i=1 j=I

Writing g(w(i)) = Zlele beiu®, one then concludes that

m

g(f@)=> ( Zaux, g(w@)—z Za,,x me

i=1 j=I i=1 j=l1

n m

> (3 (S e Ju

=1 j=1 i=1

But
meaij = (BA)yj, A= ful=w) B =guil=wu>
i=1
and hence
n
g(f) = Zzzu 2= (BAyxj = (BAx),, 1<(<k
j=l1
Let us now consider the special case where V. = W. Assume that V is a
K-vector space of dimension n. In this case one often chooses the same basis
[v] = D, ..., v™] in the domain and the target of a linear map f: V — V

and f[y]—[v] is said to be the matrix representation of f with respect to [v]. The
n x n matrix A := f{y]-[v] has columns C;(A), 1 < j < n, whose coefficients are
the coordinates of f (v with respect to the basis [v],

n
f(v(j)) — Zaijv(i)
i=1
Examples

(i) Let us consider the rotation R(¢): R? — R2 by the angle ¢ in counterclock-
wise direction, introduced earlier, and denote by [e] = [eD), @] the standard
basis of R2. The two columns C;(A), Cy(A) of A := R(@)[e]—[e] are then
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(ii)
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computed as follows (we identify R? with RZ*1):

R((p)e(l) = (c?s gﬂ) = cos (pe(l) + sin (pe(z),
sing

implying that C; (A) = (Z’j:ﬁ) Similarly

R(p)e® = <_ smgo) = —singe + cos e,
cos g

yielding Cp(A) = <_ SIng > Altogether one obtains
cos ¢
cosp —sing
R((p)[e]—>[e] = (simp oS §0> .

Let w = (1,0), w® = (1, 1). To compute R(¢@)[w]—[w] We proceed as
follows: write

cos
RpywV = < . <p> =anw + a3 w®
sing

and determine aq1, a1 by solving the linear system

ajl +az =cosg
ar) =sing

Hence ay; = sing and aj; = cos ¢ — sin ¢. Similarly, to find the coordinates
asy, ax of

R(¢)w(2) _ (cos¢ — sin ¢
sing + cos ¢

with respect to the basis [w] we need to solve the system

ajp +ax =cosg —sing
ayp =sing +cosg
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whose solution is ayy = sin ¢ + cos ¢ and ajo = —2 sin ¢. Altogether, one then
obtains
ail  ap COoS @ — sin —2sin
R(Q)(w]—[w] = < ) = ( ¢ ¢ ¢ )
ary ax» sin @ s ¢ + cos ¢

With the introduced notations we can also express the matrix representation of the
identity map with respect to bases [v] and [w] of a given vector space. To be more
precise, assume that V is a K-vector space of dimension n and that

[l =D, ... o™, [w] = [wh, ..., w"],

are two bases of V. The matrix representation of the identity map Id: V — V with
respect to the bases [v] and [w] is then given by

Idpy—qwi -

The meaning of this matrix is the following one: given any vector b in V, write b
as a linear combination with respect to the two bases [v] and [w], b = Z'}-zl Xj )
andb =37, y;jw"). The coordinate vectors x = (x;)1<j<n and y = (¥;)1<j<n
are then related by the formula y = Id[y)— ] * and the matrix Id[,}— [y is referred
to as the matrix of the change of the basis [v] to the basis [w]. We remark that the
matrix Id[,}—[,] Was already introduced in (2.7) in Sect. 2.2.

The jth column of Idj,}—[4] is given by the coordinates of v/} with respect to
the basis [w], v = Y7, s;;w®. Note that Id[y}—[y] = Id,x, Where Id,xy, is the
standard n x n identity matrix in K"*" and IdoId = Id. Hence by the previous
remark, we get

Idy)—[w) - [djwi— o] = Idjvi— o) = Idnsn,

yielding Idj, (v = (dpyjw) "

Theorem 4.2.11 Assume that V is a K-vector space of dimensionn, f: V — V is
a linear map, and [v], [w] are bases of V. Then

St tw) = p)s ) - fivl> 11 - w1 = i) ™ fols - M) -

Example Assume that V. = W = R? and let [v] = [vV, v@] be the basis of R2
with v = (1, 1), v@ = (1, —1). As usual, [e] = [eD), 6(2)] denotes the standard
basis of RZ.
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(i) Compute Id[v]_)[g].
Write v =1 e +1.e@ andv® =1-¢® + (1) - ¢@. Hence

1 1
Idpj—pe = (v v®@) = (1 1).

(i1) Compute Idpe}—[y].

1 1
It is to compute (Id[,—[¢)) !, which is given by (1; 2 1; 2).
2 T2

(iii) Consider the counterclockwise rotation R(g) in R? by the angle ¢.

(iiil) Compute R(@)[e]—[e]-
We have

R(cp)e(l) = cos <p-e(l)+sing0~e(2), R(go)e(z) = —sin <p-e(1)+cos (p-e(z),
yielding

cosp —sing
sin @ cosg)

R(@)(e]>1e] = (

(iii2) Compute R(®)[y]-[e]-
We have

R(@) 11l = R(@)le1>[e] - 1d[v)—>[e] -

Combining 4.2 and (iiil) we get

cosg —sing) (1 1
R(@))1e = (siw cos(ﬂ> (1—1>

__ [cosg —sing  cosg +sing
~ \sing +cosg sing —cosg/’

(iii3) Compute R(¢)[v]—[v]-
We have

R(@) o101 = i1 v] “R(@)[e]>[e] - Id[v] > [e]
() 15\ (cosp —sing  cosg +sing
"\ —1h) \sing +cosp sing —cosg

[ cosg sing
" \—sing cosg/’
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We point out that one has to distinguish between linear maps and their matrix
representations. Linear maps are independent of a choice of bases and a matrix
can be the representation of many different linear maps, depending on the choice
of bases made. In the case where f is a linear map of a vector space V into itself,
Theorem 4.2.11 says how the matrix representations with respect to different bases
of V are related to each other, motivating the following

Definition 4.2.12 Two matrices A, B € K"*" are said to be similar if there exists
amatrix S € GLg(n) so that B = S~'AS (and hence A = SBS™).

Note that the matrix S can be interpreted as Id[y}—.[¢], With [v] = ®, ..., ™
given by the columns of S, implying that B is the matrix representation of the linear
map f4: K" — K", x — Ax with respect to the basis [v].

Examples

(i) For A = A1d,«n, A € R, the set of all matrices similar to A is determined as
follows: for any S € GLR(n),

STIAS = ST A 1dyun S = AST'S = Adysn = A.
In words: the matrix representation of fiiq,,,: R* — R",x — Ax, with

respect to any basis of R” is the matrix A Id,,«,.
(ii) Let A and B be the 2 x 2 matrices

6y ()

It turns out that the regular matrix § = < i ?) satisfies B = ST!AS and

A = SBS™!, implying that A and B are similar. We will learn in Chap. 5 how
to find out whether two given matrices of the same dimension are similar and if
so how to obtain a matrix S with the above properties.

Definition 4.2.13 Let V be a K-vector space of dimension n and f: V — V
a linear map. Then f is said to be diagonalizable if there exists a basis [v] =
[w®, ..., v™] of V so that the matrix representation fj,—[v] of f with respect
to the basis [v] is diagonal.

Note that in the Example 4.2 above, the linear map

fB:R2—>R2, X — Bx,
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is diagonalizable. Indeed let [v] = [v(D, v@] be the basis of R? with v, @ given
by the columns of
-1 =2
st = :
G )

Then S~ = Idy]—[¢] and since B = (fB)[e][e] it follows that
(fB)1v1—>1v] = e} o) BIdpy) o) = SBS™ = A.

In Sect. 5.1, we will describe a whole class of linear maps f: C* — C" which are
diagonalizable and in Sect. 5.2 a corresponding class of linear maps from R” to R”.

Problems

1. Verify that the following maps f: R" — R™ are linear and determine their
matrix representations fi.j—[¢] With respect to the standard bases.

(i) f:R* = R%, (x1, x2, X3, x4) > (x1 + 3x2, —x1 + 4x2).
(ii) Let f: R? — R? be the map acting on a vector x = (x1,x2) € R? as
follows: first x is scaled by the factor 5 and then it is reflected at the x;-axis.

2. Let P7 be the R-vector space of polynomials of degree at most 7 with real
coefficients. Denote by p’ the first and by p” the second derivative of p € P;
with respect to x. Show that the following maps map P7 into itself and decide
whether they are linear.

(i) T(p)(x) :=2p"(x) +2p'(x) + 5p(x).
(i) S(p)(x) :=x2p"(x) + p(x).

3. Consider the bases in R2, [e] = [V, ¢@], [v] = [¢@, ¢(V], and
wl=[w" w?],  wP=a1n,  w?=0a-Dn,

and let f: R> — R? be the linear map with matrix representation

1 2
f[e]—>[e1=<3 4>-

(i) Determine Id[y)—[¢] and Id[e]— [v]-
(i1) Determine fiy]—[¢] and flv]—[v]-
(iii) Determine fiy)—[w]-
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4. Consider the basis [v] = [vV, v@®, v®] of R3, defined as
v =(1,0,-1), P =q,2,1), v =(=1,1,1),
and the basis [w] = [wV, w@] of R?, given by
wh = (1, -1), w® =2, -1).

Determine the matrix representations Ty]— [y Of the following linear maps.

(i) T:R3— R2 (x1, x2, x3) > (2x3, x1).
(i) T:R>— R2, (x1, x2,x3) > (x1 — x2, X1 + x3).

5. Decide whether the following assertions are true or false and justify your
answers.

(i) There exists a linear map 7: R? — R so that {T'(x) | x € R*} =R,
(i) For any linear map f:R"—R", f is bijective if and only if
det( fie1—1ep) #O.

4.3 Inner Products

Often in applications we are given a vector space with additional geometric
structures, allowing e.g. to measure the length of a vector or the angle between two
nonzero vectors. In this section, we introduce such an additional geometric structure,
called inner product. Linear maps between vector spaces with inner products, which
leave the latter invariant, will also be discussed. It turns out that that inner products
on R- and C-vector spaces have slightly different properties and hence we discuss
them separately.

Inner Products on R-Vector Spaces

Throughout this paragraph, V denotes a R-vector space.

Definition 4.3.1 A map (-,-): V x V — Ris said to be an inner product or scalar
product on V if the following conditions hold:

(IP1) Forany v, winV,

(v, w) = (w, v).
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(I P2) For any v, w, u in V and any X in R,
(v+w,u) = (v, u) + (w, u), (A, w) = A(v, w).
(IP3) ForanyvinV,
(v, v) =0, (v,v) =0if and only if v = 0.
In words: (-, -) is a symmetric, positive definite, real valued, bilinear map. In case

dim(V) < oo, the pair (V, (-, -)) is said to be a finite dimensional R-Hilbert space
or Hilbert space for short.

Definition 4.3.2 On a vector space V with an inner product (-, -) one can define the
notion of the length of a vector,

1
lv]l := (v, v)2.

The nonnegative number ||v|| is referred to as the norm of v, associated to (-, -). By
(I P3) it follows that forany v € V,

lv] =0ifand only if v =0
and by (I P2),
vl = |Alllvll, *eR, velV.
In the remaining part of this paragraph, we will always assume that the R-

vector space V is equipped with an inner product (-, -). The following fundamental
inequality holds.

Lemma 4.3.3 (Cauchy-Schwarz Inequality)

(v, w)| < llvlllwll, v,weV.
Remark The Cauchy-Schwarz inequality can be verified as follows: obviously, it
holds if v = 0 or w = 0. In the case v # 0, w # 0, let us consider the vector v + tw
where ¢ € R is arbitrary. Then

0<|v+tw|?=(+tw,v+tw) = (v,v) +2t{v, w) + 12 {w, w).

Let us find the minimum of ||v + rw||> when viewed as a function of 7. To this end
we determine the critical values of ¢, i.e., the numbers ¢ satisfying

%(w, v) + 2t (v, w) + 12 {w, w)) = 0.
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Actually, there is unique such ¢, given by

(v, w)

o=~
llwll?

and we conclude that 0 < (v, v) + 2f(v, w) + tg(w, w) yielding the Cauchy-
Schwarz inequality 0 < lvlI2lw]? = (v, w)? or, written differently,

2 2
(v, w)[ < flolI*[lw]l®.

Note that for v, w € V with ||v|| = ||w|] = 1 the Cauchy-Schwarz inequality
yields

[{v,w)] =1 or —1=<(v,w) <L
Hence there exists a unique angle 0 < ¢ < & with
(v, w) = cos .

Definition 4.3.4 For any vectors v,w € V \ {0}, the uniquely determined real
number 0 < ¢ < 7w with

v w

05¢ = {107 Tl

is said to be the non-oriented angle between v and w. (The non-oriented angle does
not allow to determine whether ﬁ needs to be rotated clockwise or counterclock-

wise to be mapped to m.)

As a consequence, one has for any v, w € V \ {0},
(v, w) = [[v|l{lwll cos .

Definition 4.3.5 The vectors v, w € V are said to be orthogonal to each other if
(v, w) =0.

Note that if v = 0 or w = 0, one always has (v, w) = 0, whereas for
v, we V\ {0}

0= (v, w) = [[v[[lw] cos ¢

implies ¢ = /2. As an easy application of the notion of an inner product one
obtains the following well known result:
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Theorem 4.3.6 (Pythagorean Theorem) Forany v, w € V, which are orthogonal
to each other, one has

I+ wl)? = [lvll® + llwll.
This identity follows immediately from the assumption (v, w) = 0 and
lv + w||2 =(v4+w,v+w) = (w, w)+ 2(v, w) + (v, v).
Theorem 4.3.7 (Law of Cosines) For any v, w € V \ {0} one has
v = wl? = Ilvl® + llwll* = 2]l [ w] cos ¢

where ¢ is the non-oriented angle between v and w.

The above theorems are indeed generalizations of the corresponding well known
results in the Euclidean plane R?. This is explained with the following

Example Let V = R? and define
(-, YEuctia: RF xR > R, (x,y) > x1y1 + X2

where x = (x1,x2), y = (y1, y2). One easily verifies that (-, -) g,c1i4 1S an inner
product for R?. The corresponding norm ||x || is given by

1 1
x|l := (x,x)2 = (x] + x3)2

and the angle ¢ between vectors x, y € R? of norm 1 can be computed as follows.
Using polar coordinates one has

x = (cos @, sin0), y = (cosy,siny), 0<6,y <2m.
Then the angle 0 < ¢ < 7 defined by
(x,y) = llxllllyll cosp = cos ¢
is determined as follows: by the addition formula for the cosine,
cos @ = (x, y) = cos6f cosy + sinf siny = cos(yy — 6),

yielding ¥ — 0 = ¢ (mod 27) or y — 6 = —¢ (mod 2m). (Note that cos x is an
even and 2m -periodic function and that cos: [0, 7] — [—1, 1] is bijective. On the
other hand, ¥ — 6 need not to be an element in the interval [0, r].) For notational

convenience, we will simply write (-, -) for (-, -)gyclig in the sequel. As an application
of the inner product, let us compute the area F of a triangle ABC in R? where
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A = (0, 0) is the origin,

B =x = (x1,x2) # (0,0, C=y=0ny)#00),

and the oriented angle v between x and y is assumed to satisfy 0 < ¢ < m. Recall
that

1 —
F = > length of AB - height

where the height is given by || y| siny and the length of AB is |x||. Since 0 <
siny < 1 one then has

1 , 1 5 (x, )
F=Slxlllylsing = > lixfllyly T —cos®¢r,  cosyr = :
2 2 (B 1IIRY

Thus

1
F= IRy = 02
By an elementary computation,
Xy 12 = (x. ) = (x1y2 — x231)?

or

X
\/||x||2||y||2 — (x, 9)2 = |x1y2 — x2y1| = ‘det( 1 y1> ‘

X2 Y2

The absolute value of the determinant can thus be interpreted as the area of the
parallelogram spanned by x and y.

Examples

(1) Assume that V = R". Then the map

n
R" xR" - R, (x,y) —~ inyi

i=1
is an inner product on R”, referred to as Euclidean inner product. The

corresponding norm of a vector x € R" is given by

n

Il = (Zx?)%

i=1
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and the non-oriented angle 0 < ¢ < 7 between two vectors x, y € R" \ {0} is
defined by

1 n
_ iy,
N1yl 2y

i=1

0s ¢

(i) There exist many inner products on R”. Customarily we denote them by the
same symbol. One verifies in a straightforward way that the following map
defines an inner product on R?,

R? x R?> > R, (x,y) = (x,y) :=2x1y1 + S5x2y2,
and so does the map

R*x R >R, (x,y) > (x,y) = 3x1y1 +x1y2 + %231 + 3x232.

We will see in Sect. 5.3 how inner products such as the two examples above can
be found.

An important property of inner products is the so called triangle inequality.

Lemma 4.3.8 (Triangle Inequality) Foranyv,w € V
v+ wll < vl + [Jwll.

We remark that the triangle inequality follows in a straightforward way from the
Cauchy-Schwarz inequality,

v+ wl? = [lI* + lwl? +2(v, w) < (I + lwl?+2)vllwl = (vl + [wl)?.

Isometries and Orthogonal Matrices

Assume that V is a R-vector space equipped with an inner product -, -).

Definition 4.3.9 A linear map f: V — V is said to be isometric (or an isometry)
with respect to (-, -) if

(f), fw)= (v, w), v,weV.

In words: f preserves the length of vectors and the non-oriented angle between
nonzero vectors.
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Definition 4.3.10 A matrix A € R"*" is said to be orthogonal if
(Ax, Ay) = (x,y), x,yeR"

where (-, -) denotes the Euclidean inner product in R",

n
(x,y):= ijyj, x,y € R".
j=l1
Lemma 4.3.11 Forany A € R™", A is orthogonal if and only if ATA = Id, .

Remark Lemma 4.3.11 can be verified in a straightforward way. Indeed, if A
is orthogonal one has for any vectors e, ¢(/) of the standard basis [¢] =
e, ..., M),

(AeD, AeDy =0, i+ ], (A AeWy = 1.

Since for any 1 < j < n, the jth column C;(A) of A equals Ae') one has

(Ci(A), Cj(A)) = (Ae®, AeD) =" ayar; = (AT A);j
k=1

and thus indeed ATA = Id, «,,. Conversely, if ATA = 1d, «,, then for any x, y € R”
(x,y) = (x, ATAy) = (Ax, Ay).

Note that Lemma 4.3.11 implies that any orthogonal n x n matrix A is invertible
since

1 = det(Id,x,) = det(ATA) = det(AT) det(A) = (det(A))>.

The following theorem states various properties of orthogonal matrices, which
can be verified in a straightforward way.

Theorem 4.3.12 For any A € R"*", the following holds:

(i) If A is orthogonal, then A is regular and A~" = AT,

(ii) If A is orthogonal so is A~ (and hence AT by Item 4.3.12).
(iii) 1d;x, is orthogonal.

(iv) If A, B € R"™" are orthogonal, so is AB.

(v) If A is orthogonal, then det(A) € { -1, 1}.
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The set of orthogonal n x n matrices is customarily denoted by O (n) and by SO (n)
the subset of orthogonal matrices whose determinant equals one,

O(n) :={A e R"" | Ais orthogonal}, SO (n) :={A € O(n) | det(A) = 1}.

Remark From Theorem 4.3.12 it follows that O (n) and SO (n) are groups.
Definition 4.3.13 Let V be a R-vector space of dimension n, equipped with an
inner product (-, -). A basis [v] = [, ..., v™] of V is said to be orthonormal if
W W) =8, 1<i,j<n
where §;; is the Kronecker delta, defined as
Sij=1, i#], Sii = 1.

In words: the vectors v, 1 <i < n, have length 1 and are pairwise orthogonal.
Examples

(i) Let V. = R” and let (-, -) be the Euclidean inner product. Then the standard
basis [e] = [e(V, ..., e™] is an orthonormal basis.
(ii) Let V = R? and let (-, -) be the Euclidean inner product. Define
v = = (cos ¢, sin @), v? = (—sin g, cos @)
where 0 < ¢ < 2m. Then [v] = [v®D, v@1] is an orthonormal basis of RZ.
(iii) Assume that V = R” and (-, -) is the Euclidean inner product of R". The

columns Cy(A), ..., C,(A) of an arbitrary orthogonal n x n matrix A form an
orthonormal basis of R". (To verify this statement use Lemma 4.3.11.)

The following assertions are frequently used in applications. They can be verified in
a straightforward way.

Proposition 4.3.14 Assume that (V, (- -)) is a R-Hilbert space of dimension n.
Then the following holds:

(i) Let vV, ..., v™ be an orthonormal basis of V. If f: V — V is an isometry,
then f(wM), ..., fF(w™) is also an orthonormal basis of V.

(ii) Assume that [v] = D, ..., v™]is an orthonormal basis ofa V. Then for any
weV,

Z w, vy,

i.e., the coordinates x1, ..., X, of w with respect to the orthonormal basis [v]
are given by x; = (w, v(J)), 1<j<n
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There is a close connection between orthogonal n x n matrices and isometries of
R-Hilbert spaces of dimension n

Theorem 4.3.15 Assume that V = (V, (-, ~)) is a R-Hilbert space of dimension n,
[v] an orthonormal basis of V and f: V — V an isometry. Then fiy)—[v] is an
orthogonal matrix.

Finally we introduce the notion of orthogonal complement.
Definition 4.3.16 Assume that M C V is a subset of the R-Hilbert space (V, (-, -)).
Then
Mt ={weV|(wv)=00ve M}

is referred to as the orthogonal complement of M.

Theorem 4.3.17 Assume that (V, (-, -)) is a R-Hilbert space of dimension n and
M C V. Then the following holds:

(i) M~ is a subspace of V. In particular, {0} = V and V+ = {0}.

(ii) Assume that M C 'V is a subspace of V and v v s an orthonormal
basis of M. Then there are vectors vty eV oso thar [v(l), ™)
is an orthonormal basis of V and [v(””‘l), .., v™7 is an orthonormal basis
of M.

(iii) If M C V is a subspace of V, then dim(V) = dim(M) + dim(M ™).

Inner Products on C-Vector Spaces

The inner product on a C-vector space V is defined as follows.

Definition 4.3.18 The map (-, -): V x V — Cis said to be an inner product if the
following is satisfied

IP), (v,w)={(w,v) v,weV.
(IP2), {av+ Bw,u)=calv,u)+ B{w,u) v,w,ucV,a BecC,
(IP3), ForanyvelV,

(v,v) =0, (v, v) = 01if and only if v = 0.

Remark

(i) Note that (IP1), and (I P2). imply that (-,-) is antilinear in the second
argument, i.e.,

(u, v + Bw) = a{u, v) + B{u, w), v,w,ueV, a,BeC.
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(i) Alternatively, instead of (I P2)., one could require that (-, -) is C-linear with
respect to the second argument,

(u, xv + Bw) = a{u, v) + B{u, w), v,w,uecV, «a,BeC.

In that case, (-, -) is antilinear in the first argument.

Again one can define the norm of a vector v € V, induced by (-, -),
ol := (v, v)7.
It has the following properties: for any v, w € V,
levll = lelllvll, o <€C, v+ wl < vl + llwl,
and
vl > 0, [lv]l = 0if and only if v = 0.
Furthermore, the Cauchy-Schwarz inequality continues to hold,
(v, w)| < lvllllwll, v,weV.

However note that in this case, (v, w) € C and hence we cannot define an angle.

Example For any v = (vy,...,v,), w = (Wy...., w,) € C", let

n
(v, w) ;= Zvjwj.
j=1

It is straightforward to verify that (/ P1), to (I P3), are satisfied. This inner product
is referred to as the Euclidean inner product of C".

In case V is a C-vector space of dimension n, equipped with an inner product
(-, ), (V, (-, ~)) is referred to as a n-dimensional C-Hilbert space. A basis [v] =
[w®, ..., v™] of the C-vector space V of dimension n with inner product (-, -) is
said to be an orthonormal basis if

(U(i), U(j)) =8, 1<ij<n

where §;; denotes the Kronecker delta.
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Definition 4.3.19

(1) A matrix A € C"*" is said to be unitary if
(Av, Aw) = (v, w), v, weC".
Here (-, -) denotes the Euclidean inner product on C”".

(i) A linear map f: V — V on a n-dimensional C-Hilbert space V = (V, (-, ~))
is said to be an isometry if

(f), fw)) = (v, w), v,weV.

Note that A € C"*" is unitary if and only if
fa:C"—=C", v Av

is an isometry. Furthermore, similarly as in the case of orthogonal matrices (cf.
Lemma 4.3.11), one has that for any A € C**",

A is unitary if and only if A' A = Iy .
Here A is the conjugate transpose of A,
(A')ij=aj, 1<ij<n where A= (@) j<n
Theorem 4.3.20 Assume that [v] = [vV, ..., v™] is an orthonormal basis of the

C-Hilbert space (V, (- ')) and f:V — V alinear map. Then f is an isometry if
and only if flv)—[v] Is unitary.

Vector Product in R3

The Euclidean space R? is special in the sense that a multiplication of vectors with
good properties can be defined, which turns out to be useful.

Definition 4.3.21 The vector product in R3, also referred to as cross product), is
the map

R3xR3 — R3, (v, w) = vXxw := (VWw3—V3W, —V]W3+V3W], VW2 —VW]).

Example Forv = (0, 1,0), w = (1,0, 0), one has v x w = (0, 0, —1).
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Theorem 4.3.22 The vector product in R3, with R? being equipped with the
Euclidean inner product (-, -), has the following properties:

(i) vxw=—w X, v, w € R3.

(ii) Forany v, w, u e R3, o, B eR,
U X (ev+ pw) =a(u xv)+ B x w),
(v + pw) xu =a(v xu)+ B(w X u).

(iii) (vx w,v) =0, (vx w,w)=0,v,w e R3.
(iv) If v x w = 0, then v and w are linearly dependent. In more detail,

v=20 or w=0 or v=oaw,uo € R.
(v) Let 0 < ¢ < 7 be the angle given by (v, w) = ||v||||w]|| cos ¢. Then
lvx wll = [Jv]l[lwl] sing.

(vi) The vectors v, w, v Xw are positively oriented, meaning that det(A) > 0 where
A is the 3 x 3 matrix whose columns are given by v, w, v x w (right thumb
rule).

Corollary 4.3.23 Assume that vV, v are vectors in R with [[vV || = |[v?| =1
and (v(l), v(z)) = 0. Then [vV, v@ v x v(z)] is an orthonormal basis 0fR3.

Remark Corollary 4.3.23 can be verified in a straightforward way. Since
(M, v(z)) = 0 one has (v, v(z)) = cos ¢ with ¢ = /2, implying that

oD > v@ | = oD |v® | sing = 1.

By Theorem 4.3.22(iii), it then follows that [v(", v@® | v(D x v is an orthonormal
basis.

Example Let vV = %(2, 1, —1). Then [[v"| = 1. We choose a vector
v® of norm one, which is orthogonal to v, v® = %(1, —2,0). Then

D, v@, 3], v® = v x v is an orthonormal basis of R3. One computes
G =_L (2 1 —

v® = L (=2, -1,-5).

Problems

1. Let B: R? x R — R be given by

B(x,y) =3x1y1 +x1y2 + x2y1 + 2x2)2
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where x = (x1, x2), y = (y1, y2) € RZ.

(i) Verify that B is an inner product on R?,
(i) Verify that the vectors a = (% ,0) and b = (0, %) have length 1 with
respect to the inner product B.
(iii) Compute the cosine of the (unoriented) angle between the vectors a and b
of (ii).
2. Let (-, -) be the Euclidean inner product of R? and vV, v® v® be the following
i 3o — (L 2 1 2 — (L 1 (C) I
vTctorslmﬂf,v = ( T JE’JE)’U —(ﬁ,O,ﬁ),v = (
WbV
(i) Verify that [v] = [vD, v@ 37 is an orthonormal basis of R3.
(i) Compute Id[y)—[e], verify that it is an orthonormal 3 x 3 matrix, and then
compute Idj¢}—[y]. Here [e] = [eD @ 3] denotes the standard basis of
R3.
(iii) Represent the vectorsa = (1,2, 1) and b = (1, 0, 1) as linear combinations
of vV, v@ and v®.

.. i i 2 M (L __1
3. Let (-, -) be the Euclidean inner product on R? and v = ( 57 ).
(i) Determine all possible vectors v® € R? so that [v", v®] is an orthonormal
basis of RZ.

(i1) Determine the matrix representation R(¢)[y]-s[¢] of the linear map
R(p): R — Rz, (x1,x2) > (cos@-x1 —sing-xo, sing-x; +Ccos@-x2)

with respect to an orthonormal basis [v] = [vD, v@] of R2, found in Item 3.

4. (i) Let T: R’ — R be the rotation by the angle % in clockwise direction in
the xjx2-plane with rotation axis {0} x {0} x R. Determine Tj,|,[¢] Where
[e] = [eW, @, ¢®] is the standard basis of R3.

(i) Let S: R® — R be the rotation by the angle % in counterclockwise
direction in the xpx3-plane with rotation axis R x {0} x {0}. Determine
S[e]—[e] and verify that it is an orthogonal 3 x 3 matrix.

(iii) Compute (S o T)[e]—[e] and (T © S)[e]—[e]-

5. Decide whether the following assertions are true or false and justify your
answers.

(i) There exists an orthogonal 2 x 2 matrix A with det(A) = —1.
(i1) Let v @ 3 @ pe vectors in R? so that

(v(i)’ v(j)) =3
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forany 1 < i, j < 4 where (-, -) denotes the Euclidean inner product in R4
and §;; is the Kronecker delta, defined as

0 ifi# ],

8":
Y =g

Then [v(l), v@ O3, v(4)] is a basis of R%.



Chapter 5 ®
Eigenvalues and Eigenvectors Qe

In this chapter we introduce the important notions of eigenvalue and eigenvector of
a linear map f: V — V on a vector space V of finite dimension. Since the case
where V is a C-vector space is somewhat simpler, we first treat this case.

5.1 Eigenvalues and Eigenvectors of C-Linear Maps

Assume that V is a C-vector space and f a C-linear map. We restrict ourselves to
the case where V is of finite dimension. If not stated otherwise, we assume that
dim(V) =n e N.

Definition 5.1.1 A complex number A € C is said to be an eigenvalue of f if there
exists w € V \ {0} such that

f(w) = Aw.

The vector w is called an eigenvector of f for the eigenvalue L. Geometrically, it
means that in the direction w, f is a dilation by the complex number A.

A complex number A € C is said to be an eigenvalue of the matrix A € C**" if
A is an eigenvalue of the linear map f4: C* — C". An eigenvector w € C" \ {0} of
fa for A is also referred to as an eigenvector of A for the eigenvalue A.

Example Let V = C" and let f: C* — C”" be the linear map

f() =diag(rq, ..., ApV
where A1, ..., A, are given complex numbers. Then f(e!/)) = Aje(j) forany 1 <
Jj < n where e ... e"™ is the standard basis of C". Since /) # 0, e is an

eigenvector of f for the eigenvalue A ;.
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How to compute the eigenvalues of the linear map f: V — V when V is of
dimension n? Choose a basis [v] = [vV, ..., v™] of V and consider the matrix
representation fi,j-v) € C" of f with respect to [v]. Assume that w € V \ {0}
is an eigenvector of f for the eigenvalue L. Then w can be uniquely represented as
a linear combination of vV, ..., v®,

n
— 0]
U)—Z)CJU .
j=1

Then x := (x1,...,x,) € C"\ {0} and f(w) = Aw implies that
firsx =Ax ot (fiujspp) = Alduxn )x = 0.
It means that f{,j—[v] — A Id, x5 is not regular and hence
det(fiv]— ) — Aldpxn) = 0.

We have therefore obtained the following

Theorem 5.1.2 Assume that V is a C-vector space of dimension n with basis [v] =
[V, ..., v and f: V — V is C-linear. Then 1 € C is an eigenvalue of f if
and only if
det( fiy]—[w] — A Idyxn) = 0.
Let us now investigate the function
C—C, z det(flv—p) — z2lduxn)-
Consider first the case where
Sl = @ij)i<i,j<n
is a diagonal matrix, i.e., a;; = 0 fori # j. Then
Siwvl=1v] — 21ldyx, = diag(ai1 —z, -+, apn — 2)

and hence det( f{y]—[v] — 2 Id,xx) is given by

(@11—2) - (ann—2) = (=" Z"+(=D"" @+ - +aum)z" . . et fioj )
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which is a polynomial of degree n in z. Actually this holds in general. As an
illustration, consider the case when n = 2,

ail —z a2

det( flv}—[v) — 21d2x2) = det (
azl  an —z

> = Z2 — (a11 +ax)z +det(A).

More generally, one has the following

Theorem 5.1.3 Assume that V is a C-vector space of dimension n with basis [v] =
D, ..., v and f: V — V is C-linear. Then the following holds:

(i) x(2) :=det(fly]—»[v] — 21duxn) is a polynomial in z of degree n of the form
x@ =pn" +- -+ prz+po with pp:=(=1", po := det( flv}— )

andp; € C,0<j <n.
(ii) Every root of x is an eigenvalue of f.

Remark The polynomial x (z) is independent of the choice of the basis [v]. This can

be verified as follows: Assume that [w] = [w®, ..., w®™] is another basis of V.
Since
Jiwl— 1wl = Wdpi—[w] fivl—) 1wl 1dpy1 ) = Adpi-p)

it follows that x (z) := det(fjw]—[w] — 2 1d,yxx) can be computed as

X (2) = det(dpui— ) ™" ot w1 Mdiwi— 1 —20dpwg— )~ 1)
= det((Idpw)— (o)~ o) 1v] — 2 [duxn) [diw)—[u)
= det((Idpw) (o)) ) det( fivj> o] — 2 Idnxn) det@ ) o)
= det(flv)—[v] — 2 Iduxn)

where we have used that the determinant is multiplicative and hence in particular

det((Tdp ) 1u)~") = (det(dppo ) -

Since x (z) depends only on f we denote it also by x r(z). It is referred to as the
characteristic polynomial of f.

How many eigenvalues does f have? Or equivalently, how many roots does x r
have? Since x s is a polynomial of degree n, Theorem 3.2.3 applies and we conclude
that it has n complex roots, when counted with their multiplicities. The multiplicity
of a root of x s is also referred to as the algebraic multiplicity of the corresponding
eigenvalue of f.

We summarize our discussion as follows:
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Theorem 5.1.4 Assume that V is a C-vector space of dimensionn and f: V — V
is linear. Then f has precisely n eigenvalues, when counted with their algebraic
multiplicities.

Definition 5.1.5 Assume that V is a C-vector space of dimensionn and f: V — V
is linear. The collection of all the eigenvalues of f, listed with their algebraic
multiplicities, is called the spectrum of f and denoted by spec(f). For any
eigenvalue A of f, we denote by m, its algebraic multiplicity. The eigenvalue A
of f is said to be simple if m; = 1. The map f is said to have a simple spectrum if
each eigenvalue of f is simple.

The spectrum of a matrix A € C"*" is defined to be the spectrum of f4 and
denoted by spec(A). An eigenvalue A of A € C"*" is called simple if m; = 1. The
spectrum of A is called simple if each eigenvalue of A is simple.

Examples
(i) Let A = diag(4,4,4,7,3,3) € C®. Then xa(z) = 4 —2)°(7 - 2)(3 — 2)?
and the spectrum of f is given by

A=A =A3 =4, =1, As = Ag = 3.

One has m;, = 3, m;, = 1, and m; = 2. In particular, spec(A) is not simple.
Note that my, + m;, +mjs = 6 = dim(C®).

(i1) Assume that V is a C-vector space of dimension n and f is the identity map,
f = Id. Choose an arbitrary basis [v] of V. Then f{y}—[»] = Id,«, and hence

det(fiv)—[v] — 2 1dnxn) = (1 — 2)".

Hence Id has the eigenvalues A; = 1,1 < j <n, and my, =n.

Definition 5.1.6 Given any eigenvalue XA of a linear map f: V — V, the set
Ey=Evf)={veV] f) =}
is said to be the eigenspace of f for the eigenvalue L. Note that
E, = {O} U {v € V | v eigenvector of f for the eigenvalue A}.

Lemma 5.1.7 For any eigenvalue A of f, E;(f) is a C-subspace of V.

Remark Note that E; (f) can be interpreted as the nullspace of the linear map f —
A 1d, which implies that it is C-subspace of V (cf. Definition 4.2.3).

Definition 5.1.8 Let V be a vector space of dimension n. For an eigenvalue A of a
linear map f: V — V,dim(E, (f)) is referred to as the geometric multiplicity of
A.
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Theorem 5.1.9 Assume that V is a C-vector space of dimensionn and f:V — V
a linear map. Then the following holds:

(i) For any eigenvalue ) € C of f,
dim(Ex(f)) <my, my <n

where m), denotes the algebraic multiplicity of ).
(ii) Ifdim(E (f)) = m, for any eigenvalue A of f, then V admits a basis consisting
of eigenvectors of f.

Definition 5.1.10 A C-linear map f: V — V on a C-vector space of dimension
n is said to be diagonalizable if there exists a basis [v] = [w®, ..., v™] of
eigenvectors of f. In such a case

fol=v) = diag(Aq, ..., Ay)

where for any 1 < i < n, A; € C is the eigenvalue of f, corresponding to the
eigenvector v,

Examples Let V = C?. We consider examples of linear maps f: C*> — C? of the
form f4 with A € C>*2. Recall that (f4)[ej—[e] = A. Hence

Xfa(z) = det(A — Aldax2).

We refer to x,(z) also as the characteristic polynomial of A and for notational
convenience denote it by x4 (z). For each of the 2 x 2 matrices A in Item (i)-Item (iii)
below, we determine its spectrum and the corresponding eigenspaces. Recall that the
eigenvalues of A are defined to be the eigenvalues of f4 and the eigenvectors of A
the ones of f4. To make our computations fairly simple, the matrices A considered
have real coefficients.

@

Step 1. Computation of the spectrum of A.
The characteristic polynomial of A is given by

2 — —1
xA<z>=det< : ¢ 5

>=(2—Z)(2—Z)+1=Z2—4Z+5.
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The roots are z4 = 2 £ % +/16 — 20 = 2 £ i. Hence the eigenvalues of A
and their algebraic multiplicities are given by

A =241, my, =1, A =2—-1, my, =1

In particular, the spectrum of A is simple.

Step 2. Computation of the eigenspaces of A1 and A;.
Ey,(A) = E; (fa): an eigenvector v = (v, v2) € C? of A for the
eigenvalue A1 solves the following linear system

2—X —1 vy _ (@—=ApDvi—v2) _ (O
1 2—X v) v+ Q2 =i —\o/’
To find a nontrivial solution of the latter linear system, consider the first
equation

2—ADv; — v =0.

Since 2 — A1 = —1, we may choose v; = 1 and get vy = —i. One verifies
that the second equation is then verified as well,

M+2-rDr=1+Ci-i)=1-1=0.
Hence vV = (1, —1) is an eigenvector for A1. Since m, = 1 one has
Ep(A) ={ovV JaeC),  dim(E;, (A) =1.

Ey,(A) = Ej,(fa): an eigenvector v = (v,v2) € C2 of A for the
eigenvalue A; solves the following linear system:

2— A2 -1 vy _ (@C—=2)vi—w) _ (O
1 2—x/) \wa)  \vi+Q2-2)v/)  \0/)°
To find a nontrivial solution of the latter system, consider the first equation

(2—X2)v; —v2 = 0. Since 2 — A = i, we may again choose v; = 1 and get
vy = i. One verifies that the second equation is then verified as well,

v+ Q2—A)uyy=1+i-i=0.

Hence v® = (1,1) is an eigenvector for the eigenvalue A;. Since m), =1
one has

E;,(A) = |ev® |a e C}, dim(E;,(A)) = 1.
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The vectors v, v@ form a basis [v] of C2. (Since they are eigenvectors
of f4 corresponding to distinct eigenvalues, they are linearly independent.)
One has

A 0
([ = = <01 Az) .

Since A = (fa)[e]—[e) it follows that A is diagonalizable,

A = Idpy)— o] (S [v]— [v] Id[e] = [v]

where Id[y) -] = (U(l) v(2)) is the 2 x 2 matrix with first column v‘" and
second column v®, and 1dje1— [y] = (d[y)—(e) ™'

(ii)

Step 1. Computation of the spectrum of A.
The characteristic polynomial of A is given by

xA(2) zdet<1 gz 212> =(1-2Q2—-2).

Hence

In particular, the spectrum of A is simple.

Step 2. Computation of the eigenspaces of A1 and A;.
Ey,(A) = Ej; (fa): an eigenvector v = (v, v2) € C? of A for the
eigenvalue A1 solves the following linear system

1-1 1 v\ _ (O0-vi+wv2\ (0O
0 2—1 v) \0-vi+wv/ \0/°
To find a nontrivial solution of the latter linear system, consider the first
equation 0 - v + vp = 0. It has the solution v, = 0, vy = 1. Then the

second equation 0 - v; + vy = 0 is also satisfied and hence v = (1,0) is
an eigenvector for the eigenvalue A;. Since m), = 1 one has

Exy(A) ={a(1,0) | € C),  dim(Ex, (A) = 1.
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Ey,(A) = Ej,(fa): an eigenvector v = (v,v2) € C2 of A for the
eigenvalue A; solves the following linear system

(3 21500

0 2-2 w/) \0-vy+0-v) \0o/°

To find a nontrivial solution of the latter linear system, it suffices to consider
the first equation —v; + v = 0. It has the solution v; = 1, v, = 1. The
second equation 0 - v; + 0 - vy is trivially satisfied and hence v®@ = (1,1 is
an eigenvector for the eigenvalue A,. Since m), = 1 one has

En(A) ={a(l, 1) |a €C},  dim(E,(A) = 1.

We conclude that [v] = [vV, v@] is a basis of CZ and

1 O
(fA)[U]H[v]=<0 2).

Since A = (fa)[e]—[e) it follows that A is diagonalizable,

A = Idpy)— o] (S [v]—[v] Id[e] = [v]

where Id[v]_,[e] = (U(l) U(Z)) and Id[e]_>[v] = (Id[v]_)[e])_l.
(iii)

Step 1. Computation of the spectrum of A.
The characteristic polynomial of A is given by

xA(z) = det(A — zIdy«p) = det <1 EZ | iz) =(1- Z)z.

Hence
A =1, Ay = A1, my, =2.
The spectrum of A is therefore not simple.
Step 2. Computation of the eigenspace of Aj.

Ey,(A) = Ej (fa): an eigenvector v = (v, v2) € C2 of A for the
eigenvalue A solves the following linear system
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0 1\(fviy [ O-vi+wv \_ (0

0 0/\wv) \0-vy+0-vp) \0}°
The solutions of the latter system are of the form (v, 0) with vy € C
arbitrary. Hence

Ej (A) = {a(1,0) | « € C}
is of dimension 1,
dim(E; (A)) =1 <2 =my,.

As a consequence, there does not exist a basis of CZ, consisting of eigenvec-
tors of A. The matrix A cannot be diagonalized.

For special types of matrices, the eigenvalues are quite easy to compute. Let us
discuss the following ones.

Upper Triangular Matrices A matrix A € C"*" is said to be upper triangular if
it is of the form

A = (aij)1<i,j<n aij =0, i>j.

Then the coefficients ayy, ..., a,, of the diagonal of A are the eigenvalues of f4,
counted with their algebraic multiplicities. Indeed

det(A — zIdyxn) = (@11 —2) -+ (@nn — 2).
The spectrum of an upper triangular matrix A can therefore be directly read from

the diagonal of A.

Lower Triangular Matrices A matrix A € C"*" is said to be lower triangular if
it is of the form

A = (aij)<i,j<n- aij=0, i<].

As in the case of upper triangular matrices, the spectrum of a lower triangular matrix
A € C"*" can be read of from the diagonal of A.

Invertible Matrices Assume that A € C"*" is invertible. Then the eigenvalues
Ay ..., Ay of A (listed with their algebraic multiplicities) are in C \ {0} and
Al_l, ceo Ay I are the eigenvalues of A~!, again listed with their algebraic multi-

plicities. If v is an eigenvector of A for A;, then A1) = )\]Tlv(/), ie., v is

also an eigenvector of A~!, corresponding to )L;].
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Transpose of a Matrix Given a matrix A € C"*", the eigenvalues of its transpose
AT coincide with the eigenvalues of A. Indeed

det(AT — z1d,x,) = det([A — zId,xn]T) = det(A — zId,xn),

ie, A and AT have the same characteristic polynomial and hence the same
spectrum.

Theorem 5.1.11 Let A € C"". Then fa: C" — C", x — Ax has a basis of
eigenvectors if and only if there is a regular matrix S € C"*" such that S~'AS is a
diagonal matrix. The elements of the diagonal of S~'AS are the eigenvalues of A.

Remark If [v] = [vP,...,v®™] is a basis of C" consisting of eigenvectors
of f4: C" — C", then S = Idjy)e is regular and ST'AS is a diagonal
matrix. Conversely, let S € C"*” be regular and S~'AS a diagonal matrix B =
diag(A1, ..., Ay). Then the columns C(S),..., C,(S) of S form a basis of C".
Since AS = SB it follows that forany 1 < j <n

AiCi(8) =A;Se) = S(rjel)) = SB(e)) = AS(e)) = AC;(9).

Hence C;(S) is an eigenvector of A for the eigenvalue A ;.

Theorem 5.1.12 Assume that f: V — V is a C-linear map and V a C-vector
space of dimension n. If f has simple spectrum, i.e., has n distinct eigenvalues
My ..y An € C, then f is diagonalizable.

Example Computation of the spectrum and the eigenspaces of

2 0
A=(0 1 —1]ecC¥.
0o 2 4

Step 1. Computation of the eigenvalues of A.
The characteristic polynomial of A is given by

det(A — zId3x3) = 2 —2)((1 —2)(4 —2) +2).
Then A; = 2 and A,, A3 are the roots of
(1-2)@—2+2=2"-52+6=(z—2)(z—3),

i.e., A = 2 and A3 = 3. Note that
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In particular, the spectrum of A is not simple.

Step 2. Computation of the eigenspaces of A1 and A3.
Ej,(A) = Ej;(fa): an eigenvector v = (v, v2,v3) € C3\ {0} of A for the
eigenvalue A3 solves the following linear system

—1 1 0 V1 0
0o -2 -1 v]l=10
0o 2 1/ \»s 0

Gaussian elimination (R3 ~~ Ry + R3) leads to

|

S O =
|

S o =
|
—_

S O O

Thus the solutions are given by the vectors a(—1, —1,2), ¢ € C,
Ejy(A) = {a(=1,-1,2) |« € C}.

Ej, (A) = Ej,(fa): an eigenvector v = (v, v2,v3) € C3 \ {0} of A for the
eigenvalue A solves the following linear system

0 1 0 V] 0
0o -1 -1 n|=10]. 5.1
0 2 2 V3 0
By Gaussian elimination (R3 ~» R3 + 2Ry, Ry ~ Ry + R})
0 1 0
0 0 —1 0
0 0 0
Hence any solution of (5.1) is of the form v = «(1, 0, 0), @ € C, and
Ej (A) = {«(1,0,0) |a € C}.
Since
dim(E;, (A)) < my, =2,

the matrix A cannot be diagonalized.

To finish this section, let us discuss two important classes of matrices. Recall
that by Definition 4.3.19, a matrix A = (a;;)1<i,j<n € C"*" is said to be unitary
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ifAA = Id,,x» where A" s the transpose of A and the matrix A is given by
(@ij)1<i,j<n- Note that A is unitary if and only if

(Av, Aw) = (v, w), v,weC"

where (v, w) = >""_; v;w; denotes the Euclidean inner product on C".

Theorem 5.1.13 For any unitary matrix A € C"*", the following holds:

(i) Every eigenvalue A of A satisfies |A| = 1.
(it) If A, u € C are distinct eigenvalues of A, . # |, then for any eigenvectors v, w
of A for A, respectively u, v and w are orthogonal, i.e., (v, w) = 0.
(iii) There exists an orthonormal basis of eigenvectors of A. In particular, A is
diagonalizable.

Remark Let us briefly discuss Items (i) and (ii). Concerning Item (i), assume that
A € Cis an eigenvalue of A and v € C" \ {0} an eigenvector of A for A. Then

(v, v) = (Av, Av) = (Av, Av) = AA(v, V).

Since v # 0 and hence (v, v) # 0 it follows that |A|? = 1. Regarding (ii), assume
that A, u are distinct eigenvalues of A, A # w, and v, w € C" \ {0} are eigenvectors
of A for A, respectively w. Then

Mv, w) = (A, w) = (Av, w) = (U,ZTw).

!' = 7z it then follows that

Since A' = A~ and A~ lw = wlw with =
—T _
Ao, w) = (v, A w) = (v, gw) = u(v, w)

or (A — u)(v, w) = 0. By assumption A — u # 0 and hence (v, w) = 0.

Example Computation of the spectrum and the eigenspaces of

A:(Cf’s‘/’ _S‘n¢), ¢ ¢ {nm | neNJ.
sin ¢ cos @

Since under the latter assumption sin ¢ # 0, A is not a diagonal matrix.

Step 0. Clearly, A = A and one verifies in a straighforward way that the matrix A is
unitary,

AZT = AAT = Idywo .

Step 1. Computation of the spectrum of A.
The characteristic polynomial of A is given by
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det <cos'<p —z  —sing
sin @ cosp — 2

) = (cos @ —z)2+sin2g0 =72 —2zcosp + 1.

The eigenvalues of A and their multiplicities are given by

Al =cos@ +ising = e'?, my, =1,
Ay =cosg —ising =e '¥, my, =1

In particular, the spectrum of A is simple.

Step 2. Computation of the eigenspaces of A1 and A;.
E;,(A) = Ej3,(fa): an eigenvector v = (vy, v2) € C? \ {(0, O)} of A for the
eigenvalue A, solves the following linear system

ising —sing v1) _ [ising-v; —sing-v\ (0

sin g ising) \va)  \sing-v; +ising-v,)  \0/°
To find a nontrivial solution of the latter linear system, consider the first equation
ising - v; —sing - v = 0. Since by assumption sing # 0, we can divide by

sin ¢ and choose v; = 1, v» = i. The second equation sing - v; +1ising - vy =0
is then also satisfied and hence

Ex(A) = {a(1,i) |« € C}.

E) (A) = E; (fa): an eigenvector v = (v1,v2) € C2 \ {0} of A for the
eigenvalue A solves the following linear system

—ising —sing v1) _ [(—ising-v; —sing-v2) (0
sing —ising/) \vy) \ sing-v; —ising-vy /] \0/°
To find a nontrivial solution of the latter linear system, consider the first equation
—ising - v —sing - vy = 0. Since by assumption sin ¢ # 0, we can divide by

sin ¢ and choose v; = 1, v = — 1. The second equation sing@-v; —ising-vy =0
is then also satisfied and hence

Ej, (A) = {a(l,=1) | a € C}.
Then vV = (1, — i), v® = (1, i) form a basis [v] of eigenvectors of C> with
(fA)[U]—)[U] = diag(ei‘/’, e—igﬂ)

and A = Id[y}_ (] diag(e!?, e 1) (Id[y}—[]) "' can be computed as

a1 (€Y 0L (i -1
=i iJ\o ei?)2i\i 1)
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The second class of matrices we want to discuss are the Hermitian matrices.

Definition 5.1.14 A matrix A € C"*" is said to be Hermitian if XT = A or,
equivalently,

(Av,w) = (v, Aw), v,weC"

where (-, -) denotes the Euclidean inner product on C".
Theorem 5.1.15 For any Hermitian matrix A € C"*", the following holds:

(i) Every eigenvalue of A is real.
(ii) Any two eigenvectors v, w € C" \ {0} of A for distinct eigenvalues A, | of A,
A #£ W, are orthogonal, i.e., (v, w) = 0.
(iii) There exists an orthonormal basis of C" consisting of eigenvectors of A. In
particular, A is diagonalizable.

Remark Let us briefly discuss Items (i) and (ii). Concerning (i), let A be an
eigenvalue of A and v € C" \ {0} a corresponding eigenvector, Av = Av. Since

AMv,v) = (Av, v) = (Av, v) = (v, Av) = (v, AV) = X(v, v),

it then follows that A = A. Regarding Item (ii), assume that A, p are distinct
eigenvalues of A, A # u, and v, w € C" \ {0} eigenvectors for A, respectively
. Then

Mu, w) = (A, w) = (Av, w) = (v, Aw) = (v, pw) = w(v, w).

Since u is real and by assumption A # w, it then follows that (v, w) = 0.

Problems

L1420 14i) o
1. Let A = c2%2,
¢ <2+21 2-1)6

(i) Compute the eigenvalues of A.
(i) Compute the eigenspaces of the eigenvalues of A.
(iii) Find a regular 2 x 2 matrix § € C2*? so that S~' AS is diagonal.

1 -1 . .
), viewed as an element in C2*2,

2. LetA =
2 -1

(i) Compute the eigenvalues of A.
(ii) Compute the eigenspaces (in C2) of the eigenvalues of A.
(iii) Find a regular 2 x 2 matrix S € C>*? so that S™' AS is diagonal.
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== hth
(i) Verify that A is unitary.
(i) Compute the spectrum of A.
(iii) Find an orthonormal basis of C2, consisting of eigenvectors of A.

2 i 1
4 LetA=|-i 2 —i] e
1 i 2

(i) Verify that A is Hermitian.
(ii)) Compute the spectrum of A.
(iii) Find a unitary 3 x 3 matrix § € C3>*3 so that S~ AS is diagonal.

5. Decide whether the following assertions are true or false and justify your
answers.

(i) Assume that A, B € C>*? and that A € C is an eigenvalue of A and u € C
is an eigenvalue of B. Then A + u is an eigenvalue of A + B.
(ii) Forany A € C>*2, A and AT have the same eigenspaces.

5.2 Eigenvalues and Eigenvectors of R-Linear Maps

The aim of this section is to discuss issues in spectral theory, arising when one
considers R-linear maps on a R-vector space V. To simplify the exposition we limit
ourselves to the case where V = R”". Note that any R-linear map f: R” — R" is
of the form f4: R" — R", x — Ax where A = fj,]-[ € R"*" and that we can
extend the R-linear map f4 to a C-linear map on C", f4: C" — C", x — Ax and
then apply the results obtained in Sect. 5.1. It turns out that square matrices with real
coefficients have special features and new questions arise which we now would like
to discuss in some detail. For A € R"*", consider the characteristic polynomial

xA(2) = det(A — z1dpxn).
It is not difficult to see that the polynomial x4 (z) has real coefficients. However,

note that in general this does not imply that the roots of x4 are real numbers.

Lemma 5.2.1 Assume that A € R"™ " and v € C" \ {0} is an eigenvector of A for
the eigenvalue A € C. Then X is an eigenvalue of A as well and v is a corresponding
eigenvector.

Indeed, since A = A and Av = AT, one has AU = Av = Av = AT.

Remark Actually one can show that for any eigenvalue A € C of A € R™*",
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my=myz,  dim(Ex(A)) = dim(Ex(A)),

i.e., A and X have the same algebraic and geometric multiplicities. For notational
convenience, we write E; (A) for E; (fa).

Lemma 5.2.1 can be applied as follows: assume that A € C \ R is an eigenvalue
of A with eigenvector v = (v)1<j<n, € C". Then

Av = v, AT = AT.

Note that v + v = (2Re(vj))l</.<n
Hence with A; = Re()A), A» = Im()), one has

e R*andi(v — v) = (2Im(vj)) e R".

I<j=n

AW+D) =M +ir)v+ (A —ir)T=A1(v+V) —id2(D — V)
and similarly,
A(i@—v)) =i AV—i Av = i(A —1A)V—i(A +iA)v = A1 i —v) + A2 (v+D).

In the case where v 4+ v and i(v — v) are linearly independent vectors in R”, we
consider the two dimensional subspace W := {oelv(l) +arv? | ay,a € R} of R",
generated by

v =047, v? =i — v).
Then Aw € W for any w € W and

Re(d) Im(\)
(FAIW) ) @) [0 y@] = CIm(y Re(y))

We have the following

Lemma 5.2.2 Assume that A € R"™" and v € C" is an eigenvector of A with
eigenvalue . € C\ R. Then the following holds:

(i) vV = v +vand v?® = i(v — v) are linearly independent vectors in R".
(ii) The two dimensional subspace W, spanned by vV and v®, is invariant under
fa, ie., forany oy, a € R, Al + v @) e W.
(iii) The matrix representation of the restriction falw: W — W with respect to the
basis [vD, vP7is given by

Re(Ax) Im(A)\ N cosf  sinf
Im(x) Re(r)) —sind  cosf

(fAIW) ) @15 y@] = <_

where |M|e'? is the polar representation of the complex number X. Since . ¢ R
one has sin6 # 0.
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Remark The above computations imply that for any real eigenvalue A of A € R"*",
there exists an eigenvector v € R", Av = Av. Indeed, assume that v € C" \ {0} is
an eigenvector for the eigenvalue A of A, Av = Av. Then Av = Av and hence

A(Ww+7v) =1(v+0), A(i(@ —v)) = 1i(@ —v).

Since 0 # 2v = (v + ) —H(i(i— v)) and v # 0, either v+7v # Qori(v —v) # 0.
To finish this section, we consider two special classes of matrices in R"*",

Orthogonal Matrices A matrix A € R"*” is said to be orthogonal if ATA =
Id,, x . Equivalently, it means that

(Ax, Ay) = (x,y), x,yeR"

where (-, -) denotes the Euclidean scalar product on R”, (x, y) = > }_; Xk k-
Theorem 5.2.3 For any orthogonal matrix A € R"™", the following holds:

(i) Any eigenvalue \ of A satisfies L] = 1.
(ii) If v,w € C" are eigenvectors for distinct eigenvalues A, of A, then
ZZ: 1 viwg = 0.
(iii) C" admits a basis of eigenvectors of A.

Remark Since any orthogonal matrix is unitary, Theorem 5.1.13 applies.

Example The 2 x 2 matrix R(p) = ( cosg  sme

. ), describing the rotation in
—sing cosg

RR? by the angle ¢, is orthogonal. Its eigenvalues are 1| = €%, Ay = e~ 1%,

Symmetric Matrices A matrix A € R"*" is said to be symmetric if AT = A.
Equivalently, it means that

(Ax,y) = (x, Ay), x,yeR".

Theorem 5.2.4 For any symmetric matrix A € R"*", the following holds:

(i) Every eigenvalue of A is real and hence admits an eigenvector x in R", Ax =
AX.
(ii) If A, u are eigenvalues of A with A # u, then (x,y) = 0 for any eigenvector
x € R" [y € R"] of A for the eigenvalue A [1].
(iii) R"™ admits an orthonormal basis of eigenvectors of A.

Remark To see that Item (i) of Theorem 5.2.4 holds, note that since a symmetric
matrix A € R"*" is Hermitian, it follows by Theorem 5.1.15 that every eigenvalue
of A is real. By the Remark after Lemma 5.2.2, there exists x € R” \ {0} so that
Ax = Mx. Concerning Item (ii), one argues as in the last Remark of the previous
section.
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In the case A € R™*" is symmetric, one can define the geometric multiplicity of
an eigenvalue A in the following alternative way: consider

E)ri(A) == {x e R" | Ax = Ax} = Ex(A) NR™.

It is straightforward to verify that E; r=(A) is a subspace of R". By Theorem 5.2.4
we know that it is a non trivial subspace of R". It can be proved that

dimg (Ej g (A)) = dimc(E5.(A))

and hence the geometric multiplicity of A is given by dimg (Ey gz (A)).

Theorem 5.2.5 Any symmetric matrix A € R"™" can be diagonalized in the
following sense: there exists an orthonormal basis [v] = [, ..., 0™ of R",
consisting of eigenvectors of A, Av\) = Ajv(~’), 1 < j <n, sothat

(fA)l—[v) = STAS

where S is the orthogonal matrix in R*™", given by Idp—[.]. Hence the jth
column of S is given by v\). Furthermore, for any eigenvalue ) of A, the algebraic
multiplicity m; coincides with the geometric multiplicity dimg (E; g (A)).

Problems

1 4
1. Let A = R2%2,
e (2 3) e

(i) Compute the spectrum of A.
(ii) Find eigenvectors v, v® e R? of A, which form a basis of R
(iii) Find a regular 2 x 2 matrix S € R?*? so that S~'AS is diagonal.

2 1 0
2. LetA=|0 1 —1],viewed as an element in C3*3,
0o 2 -1

(i) Compute the spectrum of A.
(ii) For each eigenvalue of A, compute the eigenspace.
(iii) Find a regular matrix § € C3*3 so that S~' AS is diagonal.

3. Determine for each of the following symmetric matrices

2 1 1
() A= G ;) @B=[1 3 -2
1 -2 3

its spectrum and find an orthogonal matrix, which diagonalizes it.
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4. (i) Assume that A is a n x n matrix with real coefficients, A € R"*", satisfying
A? = A. Verify that each eigenvalue of A is either 0 or 1.
(ii)) Let A € R"*" Forany a € R, compute the eigenvalues and the eigenspaces
of A + ald,x, in terms of the eigenvalues and the eigenspaces of A.
5. Decide whether the following assertions are true or false and justify your
answers.

(i) Any matrix A € R3*3 has at least one real eigenvalue.
(i) There exists a symmetric matrix A € R5*5 which admits an eigenvalue,
whose geometric multiplicity is 1, but its algebraic multiplicity is 2.

5.3 Quadratic Forms on R”"

In this section we introduce the notion of quadratic forms on R” and discuss
applications to geometry.

Definition 5.3.1 We say that a function Q: R" — R is a quadratic form on R" if
for any x = (x, ..., x,) € R,

Ox) = Z aijxiXj, 4aij e R.

1<i,j<n

It means that Q is a polynomial homogeneous of degree 2 in the variables x, . . ., x,
with real coefficients a;;, 1 < i, j < n.

Since

aij +aj; 1
Q)= Y %xixj: > E(A-l-AT)ijxixj,

1<i,j<n 1<i,j<n
we can assume without loss of generality that A is symmetric, i.e., A = AT. We
say that Q = Q4 is the quadratic form associated to the symmetric matrix A. One
can represent the quadratic form Q 4 with the help of the Euclidean inner product
on R”,

0alx) = (Ax,x), xeR".

Example Assume that Q(x) = 3x7 +5x1x2+8x3. Then Q(x) = Q4 (x) = (Ax, x)

for any x € R? where
3 °h 2%2
A= R4,
(5/2 8) <

Quadratic forms can be classified as follows:
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Definition 5.3.2 A quadratic form Q: R" — R is said to be positive definite
(positive semi-definite) if Q(x) > 0 (Q(x) > 0) for any x € R" \ {0}. It is said
to be negative definite (negative semi-definite) it Q(x) < 0 (Q(x) < 0) for any
x € R™\ {0}. Finally, Q is said to be indefinite, if there exists x, y € R” such that
Q) >0and Q(y) <O.

Note that for a positive definite quadratic form Q, x = 0 is a global strict
minimum of Q. If Q is indefinite, then x = 0 is a saddle point. To decide the type
of a given quadratic form Q 4, it is useful to introduce the following classification
of symmetric n X n matrices.

Definition 5.3.3 A symmetric n x n matrix A € R"*" is said to be positive definite
(positive semi-definite) if any eigenvalue A of A satisfies A > 0 (A > 0). Similarly A
is said to be negative definite (negative semi-definite) if any eigenvalue of A satisfies
A < 0 (A < 0). Finally, A is said to be indefinite if it possesses eigenvalues X,
satisfying . < 0 < .

It turns out that the classifications of quadratic forms and symmetric matrices
are closely related. For any quadratic form Q4 with A € R"™ " symmetric, it
follows from Theorem 5.2.5 that there exists an orthogonal matrix § € R™*”
and real numbers Ap, ..., A, such that A = SBST where B = diag(Ag, ..., Ap).
Here, A1, ..., A, are the eigenvalues of A and the jth column of S is a normalized
eigenvector of A for A ;. As a consequence

04(x) = (Ax,x) = (SBSTx, x) = (BSTx, §Tx).

With y = STx, x € R” one then can write

n
Q) =Y Ajyi, y=01.., ) =S"x
j=1

It yields the following relationship between the classification of quadratic forms Q 4
and the one of symmetric matrices A.

(1) Q4 is positive definite (positive semi-definite) if and only if A is positive
definite (positive semi-definite).
(i) Q4 is negative definite (negative semi-definite) if and only if A is negative
definite (negative semi-definite).
(iii) Q4 is indefinite if and only if A is indefinite.

To decide the type of a given symmetric #n X n matrix A, it is not always necessary
to compute the spectrum of A. The following result characterizes positive definite
symmetric matrices.

Theorem 5.3.4 Assume that A € R"*" is symmetric and denote by A® the k x k
matrix A® = (aij)1<i,j<k- Then A is positive definite if and only ifdet(A(k)) >0
forany 1 <k <n.
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Example Consider the symmetric 3 x 3 matrix

1 1 0
A=11 2 -1
0 -1 2

Then AD =1, A® = G ;) and A® = A. One computes det AV =1 > 0,
det A® =1>0,detA® =1>0.

We finish this section with an application to geometry. Consider a function
f: R* - R of the form

f(x1, x2) :ax%+bx1xz+cx§+dx1 +exy+k 5.2)
with real coefficients a, b, c, d, e, and k. It means that f is a polynomial of degree 2

in the variables x1, x2. The coefficients of the polynomial f are assumed to be real.
The quadratic form

b ¢

b
Qa(x) = (x, Ax), A= (a /2> c R2X2

is referred to as the quadratic form associated to f.

Definition 5.3.5 A conic section is a subset of R? of the form

Kp= {01, x2) € R? | f(x1,x2) = 0]
where f is a polynomial of the form (5.2).
Examples
(1) For f(x1,x2) = }‘xlz—i-x% -1,

1
Ky ={(x1,x) e R?| Zx%+x§= 1},

i.e., K is an ellipse centered at (0, 0) with half axes of length 2 and 1.
(i) For f(x1,x2) = x} — x2,

Kf = {(.X],Xz) E]R2|x2=x12}

is a parabola with vertex (0, 0).
(iii) For f(x1,x2) = x1x2 — 1,

Ky ={(x1,%) e R* | x2 = 1/x1}
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is a hyperbola with two branches.
(iv) For f(x1,x2) = (x1 +x2)> + 1, one has Ky = ¢.
(v) For f(x1,x2) = (x1 +x2)* — 1,

K¢ = {(xl,xz) € R? |x1+x2=1orx; +x = —1},

i.e., Ky is the union of two straight lines.
(vi) For f(x1,x2) = (x| + x2)7,

Ky ={(x1,x2) eR? | x1 +x2 =0},
i.e., Ky is one straight line.

(vii) For f(x1,x2) = )cl2 + x%, one has Ky = {(0, 0)}.

Remark A conic section K ¢ is said to be degenerate if K  is empty or a point set or
a straight line or a union of two straight lines. Otherwise it is called nondegenerate.

Theorem 5.3.6 By means of translations and/or rotations in R?, any nondegen-
erate conic section can be brought into one of the following forms, referred to as
canonical forms:

(i) Ellipse with center (0, 0),

X
St 5= 1, ap,a; € Rep.
a4

The associated symmetric matrix A equals diag(ai2 , a%), hence det A > 0.
1 2

(ii) Hyperbola, centered at (0, 0), with two branches,

X
- 5= 1, aj,a € Royp.
a a
1 2
The associated symmetric matrix A equals diag(ai2 ,— a—lz), hence det A < 0.
1 2

(iii) Parabola with vertex (0, 0),
x%:axz or x%:axl, a € R\ {0}.

The associated symmetric matrix A is given by A = diag(1,0) or A =
diag(0, 1). Hence det A = 0.

Examples

(1) Consider the polynomial

f(x1,x2) = 9x12 — 18x; —|—4x% + 16x, — 11.
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(i)

Quadratic Forms on R" 149

Bring K 7 in canonical form, if possible.
In a first step we complete squares in the following expressions,

9x7 — 18x1 = 9(xf — 2x1) = 9((x1 — D? = 1) =9(x; — D* -9,
4x3 4+ 16x2 = 4(x3 + 4x2) = 4((x2 +2)? —4) = 4(x2 +2)> - 16,

to get
Fx1, x2) = 9(x1 — 1)? +4(x2 +2)% — 36.
Then f(x1, x2) = 0 if and only if

9(x; — 1)? N 40y +2)%
36 36 -

1

or

(W =12 2t

7 3 1.

Hence by the translation x — y := x — (1, —2) one gets

2 2
421 a=2a=3
a4

i.e., Ky is an ellipse with center (1, —2).
Consider

f(x1, x2) = 3x7 + 2x1x2 + 3x5 — 8.

Decide whether K is nondegenerate and if so, bring it into canonical form.
First note that

fx) = (x, Ax) — 8, A:(:l)’ ;)

The eigenvalues of A can be computed to be A1 = 2, A, = 4. Hence detA =

2 -4 =8 > 0. This shows that K 7 is an ellipse. To bring it in canonical form,
we have to diagonalize A. One verifies that

1 1
1 _ 2 —
v - (11 _1)s v - (17 1)7
V2 V2

are normalized eigenvectors of A for A and A. Then § := Id[y]—[¢] is the
orthogonal 2 x 2 matrix
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1 11
§S=—
=)
and A = S diag(2,4)ST. Hence

(x, Ax) = (STx, ((2) g) STx>, x € R

Thus we have shown that Ky = {x =Sy | + 4 3 = 1} When, expressed in
the y coordinates, K ¢ is an ellipse with axes of length 2and v/2.

One can investigate the zero sets of polynomials also in higher dimensions. In the
case n = 3, one considers polynomials f: R3 — R of the form

fx)=(x,Ax)+ (b, x)+c

where A € R3>*3 is symmetric, b € R? and ¢ € R. The zero set Ky = {x e R3 |
fx) = O} is called a quadric surface or a quadric. Types of non degenerate quadrics
in R3 are the following surfaces:

(1) ellipsoid. For any a1, a>, a3 > 0,

a%x% + a%x% + a%x% =1.
(i) hyperboloid with one sheet. For any a1, az, a3 > 0,

— a%x% + a%x% + a%x% =1;

(iii) hyperboloid with two sheets. For any a1, az, a3 > 0,

2.2 2.2
—ayxy —ax)x; +a3x3 =1

(iv) elliptic paraboloid. For any a3 # 0 and a1, a» > 0,

azxz = a%x% + a%x%;

(v) hyperbolic paraboloid. For any a3 # 0 and a;, ay > 0,

2.2
azxz = a]xl + asx;5.
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Problems

1. (i) Decide, which of the following matrices A € R"*" are symmetric and
which are not.

32 1 . 9 1 2 3
@12 1 3 (b) (_2 1) ©12 -1 3
1 3 2 3 4 1

(i1) Determine for the following quadratic forms Q the symmetric matrices A €
R3*3 5o that Q(x) = (x, Ax) for any x = (x1, x2, x3) € R3.
(a) Q(x1,x2,x3) = 2)612 + 3x§ + x32 + x1x3 — 2x1x3 + 3x2x3.
() O(xy, x2,x3) = 8x1x2 + 10x1x3 + x% — x% + 5x§ + Txox3.
2. Find a coordinate transformation of R? (translation and/or rotation) so that the
conic section K y = { fx1,x2) = 0} is in canonical form where

f 01, x2) = 3x] + 8x1x2 — 3x3 428,

3. Verify that the conic section Ky = { flx) = O} is a parabola where f is given
by

f(x) =x12+2x1x2 —|—x§+3x1 +x—1, x=(x1,x) € RZ.

4. (i) Determine symmetric matrices A, B € R2*2 50 that A and B have the same
eigenvalues, but not the same eigenspaces.
(i) Assume that A, B € C?*2 have the same eigenvalues and the same
eigenspaces. Decide whether in such a case A = B.
5. Decide whether the following assertions are true or false and justify your
answers.

(i) For any eigenvalue of a symmetric matrix A € R"*", its algebraic
multiplicity equals its geometric multiplicity.
(ii) The linear map T : R2 — R2, (x1, x2) — (x2, x1) is a rotation.
(iii) The linear map R: R2 - R2, (x1, x2) > (—x2,x1) is orthogonal.



Chapter 6 ®
Differential Equations o

The aim of this chapter is to present a brief introduction to the theory of ordinary
differential equations. The main focus is on systems of linear differential equations
of first order in R" with constant coefficients. They can be solved by the means of
linear algebra. Hence this chapter is an application of what we have learned so far
to a topic in the field of analysis.

In this chapter, we assume some basic knowledge of analysis such as the notion
of a continuous or the one of a differentiable function f: R — R”, the fundamental
theorem of calculus, the exponential function ¢ +> ¢’ or the logarithm 7 + log ¢
among others.

6.1 Introduction

Mathematical models describing the dynamics of systems, considered in the
sciences, are often expressed in terms of differential equations, which relate
the quantities describing the essential features of the system. Such models are
introduced and analyzed with the aim of predicting how these systems evolve in
time. Prominent examples are models of mechanical systems, such as the motion
of a particle of mass m in the space R?, models for radioactive decay, population
models etc.

Motion of a Particle in R? The motion of a particle in R3 can be described by a

curve in R3,

y:R—>R3, t— y(1)
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where ¢ (independent variable) denotes time and y(¢) (dependent variable) the
position of the particle at time 7. In case the particle has mass m and a force F
acts on it, Newton’s law says that

m-y'(t)=F

where y/(1) = % y(t) is the velocity and y”(¢) = 51722 y(t) is the acceleration of the
particle at time 7. Here F' is the vector resulting from all the forces acting on the
particle at a given time. The equation my” (t) = F is a differential equation in case
the force F only depends on ¢, on the position y(z) at time ¢, on the velocity y'(¢) at
time 7, . .., but not on the values y(s) or one of its derivatives for s # ¢.

Radioactive Decay A substance, such as radium, decays by a stochastic process.
It is assumed that the probability P of the decay of an atom of the substance in
an infinitesimal time interval [z,  + Af] is proportional to At, i.e., there exists a
constant A, depending on the substance considered, so that

P(decay of atom in [1, 1 + Ar]) = AAL.

Denote by m is the mass of a single atom of the substance considered and by N (¢)
the number of atoms at time 7. It is then expected that

N(t + At) — N(t) = —=N(t) - P(decay of atom in [t, 1 + At]) = —N ()L At
and hence that the total mass of the substance x(#) = mN () obeys the law
x(t 4+ At) — x(t) = —x(t)LAt.
Taking the limit Az — 0, one is led to the differential equation
x'(t) = —rx(@).

More generally, if one is given three substances X, Y, Z where X decaysto Y and Y
decays to Z, then the total masses x(¢), y(¢), z(¢) of the substances X, Y, Z at time
t satisfy a system of differential equations of the form

x'(t) = = x(t)
Yty = Ax(t) — py()
7)) = py@).

Population Models Denote by N (#) the number of individuals of a given species
at time ¢. We assume that N (¢) is very large so that it can be approximated by a real
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valued function p(¢) which is continuously differentiable in 7. Often it is assumed
that the growth rate at time ¢,

p'()
p®)’
depends on the population p(#) at time ¢, i.e., that it is modelled by a function r(p),
yielding the equation
p'@®
p()

In case the function r is a constant r = o > 0, one speaks of exponential growth,

=r(p)), teR.

p)y=a-p), reR

In applications, it is often observed that the growth rate becomes negative if the
population exceeds a certain threshold pg. In such a case, one frequently chooses
for r an affine function,

r(p)=pB-(po—p), B=>0,
leading to the equation
p'@)=B-(po—p®) - pt) = ppop(t) = fp(®)*, 1 €R.

The equation is referred to as the logistic equation.
Now assume that

fIRxRxR—>R, (¢, x0,x1)— f(t,x0,x1)

is a function which is sufficiently often differentiable for the purposes considered.
We then say that

f(t.x@),x'®) =0, teR, 6.1)
is an ordinary differential equation (ODE) of first order and that a continuously
differentiable function x : R — R satisfying f (¢, x(¢), x'(¢)) = O for any r € R (or
alternatively for any 7 in some open nonempty interval) is a solution of (6.1). More
generally, if

F:RxR'xR"— R"

is a sufficiently regular vector valued map, we say that

F(t,y(),y®) =0, 1€R, 6.2)
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is a system of ordinary differential equations of first order and that the continuously
differentiable vector valued function

y: R - R",

satisfying F (¢, y(t), y'(¢t)) = Oforany ¢ € R, is a solution of (6.2). We say that (6.2)
is in explicit form if it can be written in the form

Y =G(t,y@®), teR. (6.3)

Note that in this case, m = n and Gisamap G: R x R” — R”".
More generally, a system of ODEs of nth order in explicit form is an equation of
the form

YO0 =Gt y0), ¥ @), ... y" V@) (6.4)
where y/)(r) denotes the jth derivative of y: R — R” and
G:RxR"x .- xR'"—> R”"

is sufficiently regular for the purposes considered. In the sequel, we will only
consider ODEs of the form (6.4). We remark that systems of order n can always be
converted into systems of first order, albeit of higher dimension. See the discussion
in Sect. 6.3 concerning second order ODEs. Hence, we may restrict our attention to
equations of the form (6.3).

The main questions concerning the Eq. (6.3) are the existence and the uniqueness
of solutions and their properties. We remark that only in very rare cases, the
solution can be represented in terms of an explicit formula. Hence investigations
of qualitative properties of solutions play an important role. In particular, one is
interested to know whether solutions exist for all time or whether some of them
blow up in finite time. Of special interest is to determine the asymptotic behaviour
of solutions as t — 400 or as ¢ approaches the blow up time. In addition, one wants
to find out if there are special solutions such as stationary solutions or periodic
solutions and investigate their stability.

Associated to (6.3) is the so called initial value problem (IVP)

Y1) =G(t,y®), teR, (6.5)
y(0) = y© (6.6)

where y(© e R” is a given vector. There are quite general results saying that under
appropriate conditions of the map G, (6.5) has a unique solution at least in some

time interval containing # = 0. An important class of equations of the form (6.3) are
the so called linear ODEs. We say that (6.3) is a linear ODE if G is of the form

G, y) = A@M)y + f(0),



6.2 Linear ODEs with Constant Coefficients of First Order 157

or written componentwise,

n
Gj(t,y) =) ap®y+ fj), 1<j=<n (6.7)
k=1
where A: R — R 1 > A() = (ajk(t))l<j 4<, is @ matrix valued map

and f: R — R", r — f(¢) a vector valued one. Note that the notion of
linear ODE concerns the (dependent) variable y and not to the (independent)
variable . The real valued functions t +> aj(¢) are referred to as the coefficients
of (6.7). In case f = 0, (6.7) is said to be a homogeneous ODE, otherwise a
inhomogeneous one. We say that a linear ODE of the form (6.7) has constant
coefficients if all the coefficients ajx(¢), 1 < j,k < n, are independent of
t. Note that f need not to be constant in . Linear ODEs of the form (6.3)
with constant coefficients can be solved explicitly. Such ODEs will be discussed
in Sect. 6.2, whereas ODEs of second order (with constant coefficients) will be
studied in Sect.6.3. We point out that the theory of ODEs is a large field within
analysis and that in this chapter we only discuss a tiny, albeit important, part of
it. We also mention that a field closely related to the field of ordinary differential
equations is the field of partial differential equations (PDEs), including equations
such as heat equations, transport equations, Schrodinger equations, wave equations,
Maxwell’s equations, and Einstein’s equations. In contrast to ODEs, PDEs have
more than one independent variable. In addition to the time variable, these might be
space variables, or more generally, variables in a phase space. The field of partial
differential equations is huge and currently a very active area of research.

6.2 Linear ODEs with Constant Coefficients of First Order

In this section we treat systems of n > 1 linear differential equations of first order
with n unknowns, y = (yq, ..., yn) € R,

Py )+ Qy(t) =g, teR (6.8)

where y'(t) = % y(t) denotes the derivative of y at time ¢, P, Q are matrices
in R™*" with constant coefficients, and g: R — R” is a continuous function.
In applications, the variable ¢ has often the meaning of time. We are looking for
solutions y: ¢ > y(¢) of (6.8) which are continuously differentiable. In the sequel
we will always assume that P is invertible. Hence we might multiply the left and the
right hand side of (6.8) by P! and are thus led to consider systems of differential
equations of first order of the form

V() =Ay@t)+ f(t), teR
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where A € R™ " has constant coefficients and f: R — R” is assumed to be
continuous. We first treat the case where f identically vanishes. The system

Y1) = Ay(r), teR, 6.9)

is referred to as a homogeneous system of linear ODEs with constant coefficients.
Note that  +— y(¢#) = 0 is always a solution of (6.9), referred to as the trivial
solution. An important question is whether (6.9) has nontrivial solutions. Written
componentwise, the system reads

yi(t) = Zaljyj(l)

j=1

V(1) = Zdnjyj(l)

j=1

where A = (a;j)1<i,j<n-

Let us first consider the special case n = 1. Writing a for A = (a11), Eq. (6.9)
becomes y'(t) = ay(t). We claim that y(¢t) = ce?', ¢ € R arbitrary, is a solution.
Indeed, by substituting y(¢) = ce® into the equation y’(t) = ay(r) and using that
%(e‘” ) = ae® one sees that this is the case.

How can one find a solution of y'(¢) = ay(¢) without guessing? A possible way is
to use the method of separation of variables. It consists in transforming the equation
in such a way that the left hand side is an expression in y and its derivative only,
whereas the right hand side does not involve y and its derivative at all. In the case at
hand, we argue formally.

Divide y'(¢t) = ay(t) by y(¢) to get

y(t)
=a
y(®)

Since, formally, % = %log(y(t)), one concludes that

t d t
log(y(1)) — log(y(0)) = / Llog(r()ar = / adi = ar.
o dr 0

Using that log(y()) —log(y(0)) = log(y(t)/y(0)), one gets y(¢) = y(0)e”’ for any
t € R. Hence for any initial value yo € R, t > ype? is a solution of the initial
value problem

{ym =ay(t), t€R, avp)

y(0) = yo
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It turns out that yge®’ is the unique solution of (IVP). Indeed, assume thatz7: R —
R is a continuously differentiable function such that (IVP) holds. Then consider
w(t) := e~ z(t). By the product rule for differentiation,

w () = —ae z(t) + e 7 (1).

Since 7/(t) = az(t), it follows that w’(z) = 0 for all ¢+ € R. Hence w(¢) is constant
in time. Since w(0) = z(0) = yg, one has yo = e~ 'z(¢) for any ¢ € R, implying
that z(z) = ype®'. In summary we have seen that in the case n = 1, Eq. (6.9) admits
a one parameter family of solutions and the initial value problem (IVP) has, for any
initial value yo € R, a unique solution.

Do similar results hold in the case n > 2? First we would like to investigate if
the exponential ¢ can be defined when a is replaced by an arbitrary n x n matrix A.
Recall that in (3.2), the exponential e* of a complex number z is defined as a power
series,

i i =1+ + z +.
n! ¢ 2!

If we replace z by a n x n matrix A, then A> = AA, and 1nduct1ve1y, for anyn > 1,
A"l = AA" is well defined. It can be shown that the series )2 , converges
and defines a n x n matrix which is denoted by e,

h=)"—. (6.10)

Examples

(i) For A = diag(—1, 2), ¢ can be computed as follows,
AT =diag((-1)%.2%), A’ =diag((-1)’.2%), ...,

hence

dag(D",2)
Z Z

_(z2eer o -( ’)
0 pa 0 )
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(ii) Let S € R?*2 be invertible and consider B = S~ AS where A is the diagonal
matrix A = diag(—1,2) of Item (i). Then B", n > 2, can be computed as
follows:

B> = (ST'AS)(S7T'AS) = ST A%,
and, inductively, for any n > 2,
B = (STTAS)B" = (ST AS)STIA"S = STIA(SSTHANS = s AmTls.

Hence

—1 gn OOAn

:S—l(z —)s=57lels.

Poy -3t
n=0 n! n=0
By Item (i) it then follows that

B — s~1diag(e™!, €?)S.

Theorem 6.2.1 For any A € R, the map R — R™ ", t > ¢'4 is continuously
differentiable and satisfies

d tA tA
e = Ae t eR,

etA|t:0 = Idyxn .

Remark

(1) Let us comment on why Theorem 6.2.1 holds.
By the definition (6.10) of ¢4, one has ¥4 = 1d,y,. Furthermore, by
differentiating term by term, one gets at least formally

A l2A2
( )= — (Idnxn+tA+T+ )

4 2tA% 31243
=A+ BB + TR

2A2

= A(Idyxn +HA+ —— +...) = Ae'.
21
(ii) One can show that
UTHA — ptASA 4 o e R,
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Indeed for any given s € R, let E(t) := e'4e*4. Then t +— E(1) is
continuously differentiable and satisfies

E'(t) = AE(t), te€R,
(6.11)
E(0) = &4,

On the other hand, Theorem 6.2.1 implies that

A

ie(t-i-s)A — AE(H_S)A, E(H_S)Alt:O — 4,

dt

Furthermore, one can show that the solution of (6.11) is unique. This implies
that E(t) = e“*94 for any ¢+ € R. Since s € R is arbitrary, the claimed
identity follows.

(iii) By Item (ii) applied for s = —t, one has

tA —tA t—1)A
e e =€( ) =Idn><na

meaning that for any 7 € R, ¢’ is invertible and its inverse is e /4.

Theorem 6.2.2 For any A € R"™" and y© e R", the initial value problem

Y1) = Ay(®), teR,
y(0) = y©,

has a unique solution. It is given by y(t) = €' Ay©O) . Hence the general solution of

V() = Ay(t) is e4v, v = (v1,...,v,) € RLIft +— u(t) and t — v(t) are

solutions of y = Ay, so is t — au(t) + bv(t) for any a,b € R (superposition

principle).

Remark

(i) We often write yg instead of y(© for the initial value.
(i) By Theorem 6.2.1, y(¢) = ¢4y satisfies

d
ae”‘y“” = Ay O = Ay(r), teR,  y(0) =My = O,

To see that this is the only solution, we argue as in the case where A € R"*"
with n = 1, treated at the beginning of this section. Assume that z: R — R" is
another solution, i.e., 7'(t) = Az(¢) and z(0) = y(o). Define w() := e~'4z(r)
and note that

w(0) = e %42(0) = Idyxp y© = y©.
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By the product rule for differentiation,

w'(t) = %(e*“‘)z(z) +e 7 (1)

=—Ae "z(1) + e M Az (D)
=—Ae "z(1) + AeTz(1) =0

where we have used that e ™4A = Ae™'4 since by definition e~ '4 =

Yo (i t) A", Tt then follows that w(¢) is a vector independent of z, i.e.,
w(t) = w(O) = y(o) implying that for any ¢ € R,

y(t) = 4y = " Aw(r) = e 2(1) = 2(0).

Examples

(1) Find the general solution of

yi =3y1+4»
¥ =3y1+2y

In matrix notation, the system reads y'(t) = Ay(r) where

A= 34 € R?*2,
3 2

The general solution is given by y(¢) = ey, v = (v1, v2) € R2. To determine

y(t) in more explicit terms, we analyze ¢'4 as follows. The eigenvalues of A
are .1 = —1, Ap = 6 with corresponding eigenvectors

vV = (1, -1) e R?, v? = (4,3) e R~

Note that A¥vD = )Jl‘v(l) for any £ > 0 and hence

Ay — Z Ak M _ Zk )Lk (D — tr1y, (D)

k=0
Similarly, one has e/4v® = ¢?29v? . Since v and v® are linearly
independent, any vector v € R? can be uniquely represented as a linear
combination

vV =a] v(l) + azv(z).
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Hence

A 14,2

ev = e (av + av?) = are v + aze

=aje™ v 4 gre*2y®@

= (a1e”" + 4are®, —aje™" + 3are®).

To solve the initial value problem of y' = Ay with y© = (6, 1) we need to
solve the linear system

ay+4a, =6
—a; +3a; =1

One obtains a; = 2 and a» = 1 and hence
y(t) = Qe 4 4%, —2¢7" 4 3¢5).
The asymptotics of the solution y(#) for # — =00 can be described as follows:

y() ~ e, =2¢7") t — —o0,

y(t) ~ (4, 3¢%) t — 4o0.
(i) Find the general solution of
y{ =y1+»
vy =—=2y1+3»

In matrix notation, the system reads y'(t) = Ay(r) where

1 2%2
A= R=74.
(—2 3) ©

The general solution is given by y(t) = e’ Ay, v = (v, v2) € RZ. To determine

the solutions y(¢) in more explicit terms, we analyze_e’A as follows. The
eigenvalues of A can be computed as A1 =2 41, A = A1 =2 — i with

v =114y ec? @ =00 =(,1-i)eC?

being corresponding eigenvectors, which form a basis of C2. The general
complex solution of y’ = Ay is then given by

y(t) = ale’\‘tv(l) + age)‘ztv(z), ai,ap € C.
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How can we obtain the general real solution? Recall that by Euler’s formula,
TP = ¢%e'P = ¢%(cos B +isinB).
Hence

ME— o2 (cost +isint),

e
implying that

iy = (e2’ cost +ie? sint, e? (cost — sint) +1ie? (cost + sin 1).

By the superposition principle, C-linear combinations of solutions of y'(t) =
Ay(t) are again solutions. Since e*2'v® = ¢*17y(), one concludes that the
following solutions are real,

Ly p oy L uno o)y
2 ’ 21
They can be computed as
(e* cost, e (cost — sint)), (e* sint, e* (cost + sint)).

Hence the general real solution is given by

2 ezz

al(e cost, e (cost — sint)) + ag( sint, e? (cost + sint)), ai,ar € R.

(iii) Find the general solution of

{yi =yi+n
Yy = 2.

In matrix notation, the system reads

1 1

!

t) = Ay(1), A= .

y (1) = Ay(r) <0 1)

The general solution is given by e’4v where v = (v, v2) is an arbitrary vector
in R2. To determine the solutions in a more explicit form, we analyze !4
further. Note that in this case A is not diagonalizable. To compute ¢/4 we use

that for S, T € R"™™" with ST = TS, one has 577 = ¢5¢7 , an identity, which
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follows in a straightforward way from the definition (6.10) of the exponential
function of square matrices. Since

A =1Idyyo +T, T = <0 !

0 0) , Idywr T = T Idpx2,

it follows that !4 = ¢! 19220/ Clearly e/ 192x2 = ¢’ 15> and

T = Z o T* = Iday +1T,
k=0
since
72 _ 0 1) (0 1y (0 O
~\o o/\o o/ \o o
Altogether

implying that the general real solution is given by
yi(t) = vie + vate, ya(t) = vae

where vy, v € R are arbitrary constants.

Let us now turn to the system

Y () = Ay(t) + (1), 6.12)

referred to as an inhomogeneous system of linear ODEs of first order with constant
coefficients.

Theorem 6.2.3 Assume that A€ R"", f: R— R" is continuous and y,: R — R"
a given solution of (6.12), y; () = Ay, (®) + f(), t € R. Then the following holds:

(i) For any solution t > u(t) of the homogeneous system, u' = Au,
t = yp(t) +u(t) is a solution of (6.12).

(ii) For any solution y of (6.12), t + y(t) — y,(t) is a solution of the
homogeneous system u' = Au.
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Remark Items (i) and (ii) of Theorem 6.2.3 can be verified in a straigthforward way.
Indeed, in the case of Item (i), by substituting y, + u into (6.12), one gets,

d
3 O +u®) =y, () +u'®) = Ayp() + f(O) + Au(®)

=A(y,(®) +u®) + f(t)

and hence ¢ + y,(t) + u(?) is a solution of (6.12). In the case of Item (ii), let
u(t) := y(t) — yp(t). Then

W () = y'(1) = (1) = Ay(e) + f(1) = Ayp(r) — f (1)
= A(y(1) = yp(0) = Au(r).

As a consequence of Theorem 6.2.3, the general solution of (6.12) can be found
as follows:

(1) Find a particular solution of (6.12).
(ii) Find the general solution of the homogeneous system u’ = Au.

It thus remains to investigate how to find a particular solution of (6.12). For functions
f of special type such as polynomials, trigonometric polynomials, or exponential
functions, a particular solution can be found most efficiently by a suitable ansatz.
We will discuss these cases at the end of the section.

First however, let us discuss a method, always applicable, which allows to
construct the general solution of (6.12) (and hence also a particular solution) with
the help of the general solution of the corresponding homogeneous system u’ = Au.
This method goes under the name of the method of variation of the constants. Its
starting point is the ansatz

y(t) = e4w(t), teR.

In case w(z) is a vector v € R”" independent of ¢,  — y(¢) is a solution of the
homogeneous system u’(r) = Au(t). Hence the ansatz consists in replacing the
constant v by a #-dependent unknown function w(¢), which explains the name of
the method. Substituting the ansatz into the inhomogeneous equation one gets by
the product rule of differentiation,

yi(t) = %(e”‘)w(t) + et (1)
= A w(t) + ¢ w' (1)
= Ay(1) + 2w’ (1).
In case t > y(¢) is a solution of (6.12), it then follows that

Ay(t) + f() = Ay() +w'(t)  or  f() =t (0).
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tA

Multiplying both sides of the latter identity by the matrix e~’“ one gets

w' () =e " F ).

Integrating in ¢, one obtains

w(r) — w(0) = /Ot w(s)ds = /Ot e A f(s) ds.
Altogether we found
y(t) = e 4w(t) = 4w (0) + ' /Ot e A f(s)ds, 1eR.
Hence

t
t y() = et +/ D45 (s)ds, veR", (6.13)
0

is the general solution of (6.12). Note that ¢ +— e'4v is the general solution of

the homogeneous system u’ = Au, whereas ¢t +— fot e=94 f(s)ds is a particular
solution y, of (6.12) with y,(0) = 0.

Special Inhomogeneous Term f Assume that in the equation y’ = Ay + f, the
inhomogeneous term f is a solution of the homogeneous equation u’ = Au, i.e.,
there exists a € R, so that f(t) = e'4a for any t+ € R. Substituting f into the
integral [ e~ f(s)ds in (6.13) yields the particular solution t > y,(t) with
yp(0) =0, given by

' '
/ DA f(s)ds = / e A5y ds = te'da.
0 0

Alternatively, one verifies in a straightforward way that whenever f is a solution of
the homogeneous system u’ = Au, then t = y,(t) = tf(t) is a particular solution
ofyy = Ay + f.

Application Formula (6.13) can be used to solve the initial value problem (IVP)

y=Ay+f
y(0) = y©

where y(© is an arbitrary given vector in R”. The solution is given by

t
y(t) = 'ty ©® +/ DA £(5)ds, teR.
0
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Example Find the general solution of

Yi=-—»

Yy =Y+t
In matrix notation, the system reads

’_ N 0 -1 . 0
y=Ay+f, A—(1 0)’ f(t)-(t).

First we compute ¢'4. The eigenvalues of A are A} = iand A, = —i and

m_ (1 @ _ (-1
=) =)

are corresponding eigenvectors. Hence
Ay = (it I AYD — it @)

+it — cost +isint (Euler’s formula) and

v 4@ g 0@ —v®) ]
2 A\ 2 —\0/)’

oA 0\ (—sint oA 1\  (cost
1)\ cost)’ 0/ \sint /)’

Using that e

it follows that

implying that

cost —sint .
€ Mejote = ( ) ) = (cos 1) Idax +(sint) A
sin ¢t Ccost

where [e] = [V, e(z)] is the standard basis of R?. The general solution then reads

t
e +/ =94 <O> ds, teR
0 S

where v is an arbitrary vector in R?. One has

o1 (%) =eoss = (%) =sinc 1 (2
s S 0
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and

t
/ —ssin(t —s)ds = [ —scos(t —s) — sin(t — s)]:) = —t +sint,
0

t
/ scos(t — s)ds = [ — ssin(r — ) + cos(r — s)]g =1—cost.
0
Altogether we have
1 .
/ p1—9)A (0) ds = (—l‘ + smt)
0 s 1 —cost
and the general solution reads
" <cgst) t (— sint) n (—t + sint) '
sint cost 1 —cost

As an aside, we remark that there is the following alternative way of computing the
exponential e’4. Note that

A:(O _1), A2:<_1 0), A= —A, A =1dysr, ...,

1 0 0 -1
and thus
U =T VR N PR S 2k+1
el = E — A" = E — A —i—E — A
| | |
= k! = (2k)! P 2k + 1!
o0 k 2k o0 k2k+1
—1)"t —1D)*t
-3 Capr e+ Y. Gl 4
P (2k)! P 2k + 1)!
It can be shown that
o k 2k o0 k 2k+1
g e =y OV
Cost = W s sint = W s

k=0 k=0

implying that ¢4 = (cos 7) Idp 2 +(sint) A.

The example above shows that the computation of f(; e"=94 £ (s) ds can be quite
involved. For special classes of functions f: R — R” it is easier to get a particular
solution by making an ansatz. We now discuss three classes of functions to illustrate
this method.
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Polynomials Assume that in the equation y’ = Ay + f, each component of f is a
polynomial in # of degree at most L. It means that

L
foy =Y D, OB er
Jj=0
We restrict ourselves to the case where the n x n matrix A is invertible and make
an ansatz for a particular solution t +— y,(r) of y/ = Ay + f, assuming that
each component of y, is a polynomial in ¢ of degree at most L, ie., y,(t) =

(q1 ), ..., qn (t)) where for any 1 < k < n, gx(t) is a polynomial in ¢ of degree at
most L. When written in matrix notation, y,(¢) is of the form

L
yp(t) = thw(j), w® L wP eRr
j=0

Since

L L-1
yp(t) = thjilw(j) = Z(j + Dl wlTh,
j=1 j=0

one obtains, upon substitution of y, into the equation y}, =Ay, + f,
L-1 L L
Z(] + Dtlwl+D = Zt]Aw(]) + Zt]f(j)'
=0 i=0 j=0

By comparison of coefficients, one gets

G+ l)w(j'H) = AwW) +f('i), 0<j<L-—1, 0= Auw® +f(L).
Since A is assumed to be invertible, we can solve this linear system recursively.
Solving the equation 0 = Aw® 4+ &) yields w®) = —A~! &) which then
allows to solve the remaining equations by setting for j = L —1,..., j =0,

Aw) = _f(j) +(j+ 1)w(j+1) or w) = A_l((j + l)w(j-H) _ f(j)).

To illustrate how to find a particular solution y, in the case where the components
of the inhomognenous term f(¢) are polynomials in ¢, let us go back to the example

treated above,
1o (0 —1 0
OE (1 0) ¥ + (;) : (6.14)
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Note that each component of f(f) = (0,¢) is a polynomial in ¢ of degree at

most 1 and that the matrix ((1) 0

yp(1) = (q1(2), g2(1)) where the components ¢;(r) and g»(¢) are polynomials in
t of degree at most 1,

> is invertible. Hence we make the ansatz

q1(t) = ap + ayt, q2(t) = bo + byt.

Upon substitution of the ansatz into Eq. (6.14) and using that y;, (t) = (a1, by), one

gets
<‘”> - ( —bo — bt ) t eR.
by ag+ait+t

Comparing coefficients yields
ay = —bo, 0=—b1, b1 = ao, 0=a;+1,

hence a; = —1,b; = 0,a9 = 0, and by = 1, yielding y, (t) = (—¢, 1).

To see that in the case where the components of f are polynomials of degree
at most L, the ansatz for y,, consisting in choosing the components of y, to be
polynomials of degree at most L, not always works, consider the following scalar
valued ODE

Y(t) = f@), f(r)=4+6t.

The general solution can be found by integration, y,(t) = c| + 4t + 3¢2. Clearly,
for no choice of ¢y, y, () will be a polynomial of degree at most one. Note that in
this example, when written in “matrix form” y'(t) = Ay(t) + f(¢), the 1 x 1 matrix
A is zero.

Trigonometric Polynomials Assume that in the equation y/ = Ay + f, each
component of f: R — R”" is a trigonometric polynomial. It means that f can
be written in the form

J
FO = O+ cosE;n) fHD 4sin 20, fO 2D e R
j=1
Here &1, ...,&; are in R \ {0}. We restrict to the case where the n x n matrix A is

invertible and £i&;, 1 < j < J, are not eigenvalues of A. We then make an ansatz
for a particular solution y,(¢) of the form

J
yp(t) = w® 4 Zcos(éjt)w(zjfl) + sin(éjt)w(zj), w®, . w?) e R
j=1
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Upon substitution of the ansatz into the equation y = Ay + f, the vectors w(/),
0 < j <2J, can then be determined by comparison of coefficients. To illustrate the
method with an example, let us consider the system

i (0 =1 cos(2t)
y(t)—<1 O)y(t)+< ) ) (6.15)

Clearly, the 2 x 2 matrix <(l) _(1)) is invertible and its eigenvalues are i and —i.

Following the considerations above, we make the ansatz y,(t) = (q1(t), qz(t))
where

q1(t) = ap + aj cos(2t) + az sin(2t), q2(t) = by + by cos(2t) + by sin(2t).
Since

@) = —2ayq sin(2t) + 2ap cos(2t)
Ip =\ Lop, sin(2r) + 2by cos(21) )

bo — by cos(2t) — by sin(2t)>

Ay,(0) =
o (® ( ap + ay cos(2t) + ay sin(2t)

Eq. (6.15) leads to the following equation

—2ay sin(2t) + 2ap cos(2t)\ _ (—bo — by cos(2t) — by sin(2t) + cos(2r)
—2by sin(2t) 4+ 2by cos(2t) ) ag + ay cos(2t) + ap sin(2t) + 1

By comparison of coefficients, one obtains the following linear system of equations,
0=by, —2a1=-by, 2a=-b+1, 0=ap+l, -—-2by=ay, 2by=a,
having the solution

ap = —1, by =0, a; =0, by =0, azzg, by =—-.

Altogether, we get

2 . 1
yp(t) = ( -1+ 3 sin(2t), — 3 cos(2t)).
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Exponentials Assume that in the equation yY = Ay + f, each component of
f: R — R"is a linear combination of exponential functions, i.e., each component
is an element in

J
V= {g(t):Zajeéft|a1,...,aJ ER}
=

and &1, ..., &; are distinct real numbers. Then V is a R-vector space of continuously
differentiable functions g: R — R of dimension J with the property that for any
g € V, its derivative g’ is again in V. In the case where no exponent &; is an
eigenvalue of A, we make the ansatz for a particular solution y,(#), by assuming
that each component of y, () is an element in V. The particular solution y,(¢) is
then again computed by comparison of coefficients.

We refer to Problem 4 at the end of this section where an example of an equation
of the form y’ = Ay + f is considered with the components of f being (linear
combinations of) exponential functions.

Problems

1. Find the general solution of the following linear ODEs.

Vi) = yi(0) + y2t) . {yim = 291(1) + 4y(0)
Vo) = =2y1(t) 4 4ya2(2) Vy(t) = —y1() = 3y2(2)

2. Solve the following initial value problems.

®

0 Y1) = =y1(t) + 2y2(2) ’ JO = ( 2>
yy(t) = 2y1(t) — y2(t) —1
Y1) = 2y1(1) — 6y3(1) 1

(i) 1y =y =330 . yO=[0
Yy(t) = y2(1) — 2y3(1) 1

3. Consider the linear ODE

0
Y1) = Ay (), A=10
0

(i) Compute A2 and A3.
(ii) Determine the general solution of y'(r) = Ay(z).
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4. Let A = ( (1) (2)) € R?*2, Find the solutions of the following initial value

problems.

() ¥'(1) = Ay() + (e) O (1>
3 0

o 0 o _ (0
(i) y'(1) = Ay(t) + (Cos(2t)> ; yo = (1>

5. Decide whether the following assertions are true or false and justify your
answers.

(i) Forany A, B € R2*2 one has A8 = ¢4¢B.

— 2
(ii) Let A = <(1) (1)) € R?*2. Then the linear ODE y'(r) = Ay(t) + (tt)
2
admits a particular solution of the form (a thta )
d+ et

6.3 Linear ODEs with Constant Coefficients of Higher Order

The main goal of this section is to discuss linear ODEs of second order with constant
coefficients. They come up in many applications and therefore are particularly
important. Specifically, we consider ODEs of the form

Y6y = b1y (1) +boy(®) + f(1), teR (6.16)

2
where y'(t) = %y(l), y'(t) = (%y(t), b1, bp € R are constants, and where
f: R — R is a continuous function. We want to discuss two methods for solving
such equations.

Method 1 Convert Eq. (6.16) into a system of ODEs of first order with constant
coefficients as follows: let x(r) = (xo(¢), x1(7)) € R? be given by

xo(t) == y(1), x1(1) = y'(0).

Then
26 = (x{)(t)) _ (y’(t)) _ ( x1(1) )
xi (1) y'(1) b1y'(t) + boy(t) + f(1)

_ ( x1(1) )
bix1(t) + boxo(t) + f (1)
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or, in matrix notation,

Mm=Aﬂn+(°),

0 1
A= . 17
@ <bo b1> ©17

The Eqgs. (6.16) and (6.17) are equivalent in the sense that they have the same set
of solutions: a solution y of (6.16) gives rise to a solution x(r) = (y(2), y'(¢))
of (6.17) and conversely, a solution x(t) = (xo(#), x1(¢)) of (6.17) yields a solution
y(t) = xo(t) of (6.16). More generally, an ODE of the form

YO = by V@) + -+ b1y () +bo. tER, (6.18)
can be converted into a system of ODE:s of first order by setting

@ =y,  xa@®:=yo, ..., xa0:=y""Po.

Then one gets x (1) = x1(t), ..., x,_,(t) = x,_1(t), and

Xh_ (1) =y @) = by y V@) 4 -+ b1y (1) + boy + f(2).

In matrix notation,

X)) =Ax®)+(0,...,0, f(t)), teR (6.19)
where
0 1 0 0
0O O 1 ... 0
A=]: : : : e R, (6.20)
0O O o ... 1
bo b1 by ... b,

Again Eqgs. (6.18) and (6.19) are equivalent in the sense that they have the same set
of solutions.

Example Consider
V') = —k*y(t), k>0. (6.21)

The equation is a model for the vibrations of a string without damping. Converting
this equation into a 2 x 2 system leads to the following first order ODE,

Foo [ x0(®) _( 0 1
X' (t) = Ax(1), x(t)_(XI(t)>, A_<_k2 o)'
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Then the general solution is given by x(t) = e'4c, ¢ = (c1, ¢2) € RZ. In order to

determine y(#) = xo(t) in a more explicit form, we need to analyze ¢’ further. The
eigenvalues of A are A| = ik, Ao = — ik and corresponding eigenvectors are

v = (1,1k), v? = (1, —ik).
Note that v, v® form a basis of C2. The general complex solution is given by
are v 4 e Hy@ g ay € C, (6.22)

and the general real solution is given by an arbitrary linear combination of the real
and the imaginary part of the general complex solution of (6.22),

cos(kt) sin(kt)
“ (—k sin(kt)) te (k cos(kt)) > e &R

Method 2 With this method one finds the general solution of a homogeneous ODE
of order 2, y”(t) = b1y'(t) + boy(t) or more generally, of a homogeneous ODE of
order n, y™(t) = b,_1y" V() + --- 4 boy(1), by first finding solutions of the
form y(r) = e* with A € C to be determined. Let us illustrate this method with the
Eq.(6.21), y'(t) = —k?y(1), considered above. Substituting the ansatz y(f) = e
into the equation y”(f) = —k?y(r) one gets

MM =y (1) = —k2y (1) = —k?e,
hence
M=-k*  or A =ik, A=-—ik
The general complex solution reads
aleikl +aze_ikt, ay,apy € C,
whereas the general real solution is given by
cy cos(kt) + ¢ sin(kt), c1,cp € R.

To solve the inhomogeneous ODE of second order (cf. (6.16)),

y'(@) =b1y' (1) +boy(®) + f(1), tE€R,
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we argue as for systems of linear ODEs of first order to conclude that the set of
solutions of (6.16) is given by

{vp + u | usatisfies u”(t) + au'(t) + bu(r) = 0,1 € R}

where y, is a particular solution of (6.16). We illustrate this method of solving (6.16)
with the following example.

Example Consider

y'(@)+3y' ) +2y(t) =8, teR. (6.23)
First we consider the homogeneous ODE

y'(@) +3y' @) +2y(t) =0, teR. (6.24)

By Method 2, we make the ansatz y(t) = ¢*'. Substituting y(z) = ¢* into (6.24)
and using that y'(¢r) = Ae*, y" (1) = A%e*, one is led to

A2 4+3)42=0.
The roots are given by
M =-—1, Ay = —2.
The general real solution of (6.24) is therefore
yt) =cre + e, e, €R,
and in turn, the general solution of (6.23) is given by
general solution of (6.24) + y,
where y, is a particular solution of (6.23). As for systems of ODEs of first order,
we may try to find a particular solution by making a suitable ansatz. Note that the
inhomogeneous term is the constant function f(¢#) = 8, which is a polynomial of
degree 0. Thus we try the ansatz y, = c. Substituting the ansatz into the Eq. (6.23)
one gets 0 + 3 - 0 4+ 2¢ = 8 and hence ¢ = 4. Altogether we conclude that

clet + e +4, ¢, €R,

is the general solution of (6.23).

The advantage of Method 2 over Method 1 is that the given equation has not
to be converted into a system of first order and that the computations are typically
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shorter. However we will see that in some situations, the ansatz y(z) = €M has to be
modified to get all solutions in this way.

As for systems of ODE:s of first order, one can study the initial value problem for
Eq. (6.16) or more generally for Eq. (6.18),

{y“”(r) = by 1y ") 4 by () + hoy(®) + f(1), tER,

y(0) =ag, ..., y*D0) = a,_,
(IVP)

where aq,...,a,—1 are arbitrary real numbers. Note that there are n initial
conditions for an equation of order n. This corresponds to a vector a € R” of initial
values for the initial value problem of a n x n system of first order ODEs. As in that
case, the above initial value problem has a unique solution. Let us illustrate how to
find this solution with the following examples.

Examples

(i) Consider the initial value problem
" 2 /
Y1) = —k7y(@), yO) =1, »y(0)=0

where we assume again that & > 0. We have seen that the general complex
solution is given by

ikt

k4 gre™ K g, ap € C.

y() =aje
We need to determine aj, ap € C so that y(0) = 1, y'(0) =0, i.e.,
1 =y(0) =a +a, 0=7y(0) =ikay —ika,.

This is a linear 2 x 2 system with the two unknowns a; and a;. We get a; = ap
and a; = 1/2. Hence

1 . |
y() = zelkt + Eef'kt = cos(kt)

is the solution of the initial value problem. Note that it is automatically real
valued.
(ii) Consider the initial value problem

Y0 +3y'(1) +2y(1) =8, yO) =1, y'(0)=0.

We have seen that the general solution of y”(z) + 3y'(¢) + 2y(¢) = 8 is given
by

yt)=cie '+ e +4, ¢, R
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We need to determine ¢y, ¢; in such a way that y(0) = 1, y’(0) =0, i.e.,
1=y(0) =ci+c2+4, 0=y(0)=—c| —2c2,
yielding c; = —6, co = 3 and hence

—2t

y(t) = —6e " +3e " + 4.

Homogeneous Equations Let us now discuss in some more detail the homoge-
neous equation, corresponding to (6.16). More precisely, we consider

V') +ay @) +by(1) =0, a>0,b=0w’w>0, (6.25)
which is a model for the vibrations of a string with damping.
It is convenient to apply Method 2. Making the ansatz y () = ¢*' and taking into
account that y'(r) = Ae™, y” (1) = A%e*, one is led to the equation

A2 4+ar+ b =0, 1eR.

Hence A2 +ar+b =0or

1
kiz—%:tix/az—%)z.

Case 1. a* — 4w* > 0,ie.,0 < 2w < a. This is the case of strong damping,
leading to solutions with no oscillations. Indeed, in this case A~ < A4 < 0 and
the general real solution is given by

y(1) =cper +c e’ cy,c_eR.

Case 2. a® —4w? < 0,i.e.,0 < a < 2w. This is the case of weak damping, leading

to solutions with oscillations. Then A+ = — 4 £iy where y := § V4w? —aZ?.

Then
P Ly e’%t(cos(yt) +isin(y1))

and the general real solution is given by

a a 1
cre 2 cos(yt) + cre” 2 sin(yt), c1,c2€R, y= 3 Vaw? —a?.

Note that as t — o0, all solutions tend to 0, whereas for t — —o0, the
nontrivial solutions are unbounded. This is in sharp contrast with the case
without damping, i.e., the case where a = 0.
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Case 3. a®> — 4w? = 0, i.e., a = 2w. Then Ay = Ao = — % It can be verified

that besides e~ 2! , also te~ 7! is a solution and hence the general real solution is
given by

cle_%t + czte_%t, c1,c € R, (6.26)
There are no oscillations in this case, but as 1 — oo the decay is weaker than

in case 1. To find the general solution (6.26) without guessing, one can apply
Method 1. Converting y”(t) = —by’(t) —ay(t) to a2 x 2 system we get x’(¢) =

Ax (1), with
0 1 a?
A= , b=—.
(—b —a) 4

Then A1 = Ay = — 7 are the eigenvalues of A and the geometric multiplicity
of A is one. To compute e’ we write A as a sum,

a a/2 —1
A=—-1d B, B = .
> 2x2 + (—b _a/2>

Using that b = (a /2)2 one infers that B2 = 0. Since Id>«» and B commute,
one then concludes that

a _a _a
etA — e—ztleXzetB —e 2tetB —e 2t(Id2><2 -HB)

— 5t L+t 1
B —bt 1—9%t)"

It then follows that the general solution of (6.26) in case 3 is indeed given
by (6.26).

Inhomogeneous Equations We finish this section with a discussion of how to find
particular solutions of (6.16) for certain classes of functions f: R — R by making

a suitable ansatz. For this purpose it is convenient to write (6.16) in slightly different
form,

Y/ () +ay () +by(t) = f(t), teR. (6.27)

Polynomials In case f is a polynomial of degree L, f(t) = fo+ fit +...+ frtt,
we make the ansatz

yp(t) = ag +ait + ... +aprt
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Substituting the ansatz into the Eq. (6.27), one gets

L+2 L+2 L+2 L

D oG =D ra ) et T by e =) il
j=2 j=1 j=0 j=0

The coefficients «, ..., ar 47 are then determined inductively by comparison of
coefficients,
bapi+r =0, (L+2)aap4o +bay41 =0, (6.28)
(G+2( +Dajo+(j+ Daajig +baj = f;, 0=<j<=<L. (6.29)
Remark

(1) To see that a particular solution of an ODE of the type (6.27) might not be given
by a polynomial of degree L, consider

y'(t) =2+ 3t>.

The general solution of the latter equation can be easily found by integration,

1
yp(t) = >+ 1 4 + ot +ag, o, ap € R.

Note that in this case, a = 0 and b = 0 in (6.27) and hence the two equations

in (6.28) trivially hold for any choice of oy 4> and oy 1.
(i1) There are examples of ODEs of the type (6.27) where a particular solution is a

polynomial of degree L + 1. Indeed, consider

Y +2y' (1) =1
Substituting the ansatz y, (1) = ap + a1z + art? + ast3, one gets
603t + 2000 + 603> + dant + 201 =t
and comparison of coefficients yields

a3 =0, 6as + 4oy =1, 2ap + 201 = 0.

Hence a3 = 0, oy = 1/4, and 1 = —1/4, whereas o can be chosen arbitrarily.
A particular solution is hence given by the following polynomial of degree two,

(1) = lt+1t2
Il = Tt
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Note that in this case, a = 2 and b = 0 in (6.27). Hence the first equation
in (6.28) trivially holds for any choice of «a 4>, whereas the second equation
implies that oy 17 = 0.

Solution of Homogeneous Equation Assume that f is a solution of the homoge-
neous equation u” (t) + au’(t) + bu(t) = 0. We have to consider two cases.

Case 1. a* # 4b. We have seen that in this case the general complex solution of
u (t) + au'(t) + bu(t) = 0 is given by c1e*!’ 4 22" where ¢y, ¢; € C and

a 1 a 1
M=—2 iV, =2 —ap,
! A 2= T T ve

(with v/a2 — 4b defined as i v/4b — a2 in the case a®> < 4b). By assumption,
ft) = fier! + fre*" where fi, f> € C are uniquely determined by

fO) = fi+fa f1O) = A1 fi + 22 fo.

Note that f1, f> might be complex numbers even if f is real valued. However, in
suchacase f» = f; and Ay = A;. Making the ansatz y, (t) = (a1’ +-ae*?")
and substituting it into (6.27), one finds by comparison of coefficients

Al P
) Q) = .
20 +a 20 +a

o] =

Note that 21 + a = ~/a? — 4b and 2\ + a = —+/a? — 4b do not vanish by
assumption, so that o1, oy are well defined. Hence

fi teMt + f2 te’?!
201 +a 20 +a

yp(t) =

is a particular real solution of (6.27).

Case 2. a®> = 4b. We have seen that in this case, the general solution of u”(¢) +
au'(t)+bu(t) = 01is given by cie™ /2 4-cate™/2 ¢1, ¢; € R. By assumption,
f(t) = fie=®/2 + frre=%/2 where fi and f> are real numbers, determined by
f©) = f1, f'(0) = (—a/2) fi + f». Making the ansatz

yp(t) = (@) + aat)e™ 2!

and substituting it into (6.27) one finds by comparison of coefficients that oy =
%, oy = %, yielding

yp(t) = (£t2+ f2 r)e 2
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Trigonometric Polynomials In case f is a trigonometric polynomial
L L
f@O =fo+ ) faj-icosE)+ Y fosin(g;1)
j=1 j=1
with &; real, pairwise different, and i&; ¢ {0, A1, A2}, we make the ansatz
L
yp(t) = ap + Z (ozzj_l cos(§;t) + an; sin(%‘jt)).
j=1
Here X\, Ay are the zeroes of A2+ ar+ b = 0, listed with their multiplicities.

Substituting the ansatz into the equation, the coefficients «y, ..., oy are then
determined by comparison of coefficients.

Examples

(i) Consider
Y/ () +2y'(t) + y(t) =cost, teR. (6.30)

Note that Ay = A = —1 and & = 1, hence 1§ ¢ {0, —1}. Substituting the
ansatz

yp(t) = ap + ajcost + a sint
into the equation and using that
y,(t) = —aysint 4 o cost, yy(t) = —ajcost —aysint,
one gets
—aycost—apsint+2(—aq sint+op cost)+ (ag+ag cost+ap sint) = cost.
Hence by comparison of coefficients,
-1 +2a +o; =1, —ay — 201 +oap =0, g =0,

yielding ap = %, a1 =0,and ag =0, i.e.,

1
yp(t) = > sin ¢ (6.31)

is a particular solution of (6.30).



184 6 Differential Equations
(ii) Consider
V' () + 0 y(t) = §sin(wt), > 0. (6.32)
Since A| = iw, Ay = —iw, and § = o, it follows that i& € {0, A1, A2}.
In such a case one has to modify the ansatz o cos(wt) + o3 sin(wt) for a
particular solution of (6.32). Note that c1e*!' 4 c2e*?’, c1, ¢ € C, is the general
complex solution of u”(t) + w?u(t) = 0. It then follows that the two solutions
cos(wt), sin(wt) form a basis of the R-vector space V of the real solutions of
the homogeneous equation u” (¢) + w?u(t) = 0,

V= {c1 cos(wt) + ¢ sin(wt) | ¢, ¢ € R}.

As in the discussion above of the case where f is a solution of the homogeneous
equation, we make the following ansatz for a particular solution,

vp(t) = ait cos(wt) + azt sin(wt).
Substituting it into (6.32) one gets with
Y (1) =y cos(wt) + o sin(wt) + t(arg cos(wt) + oz sin(wr))’,
y;;(t) = 2(0[1 cos(wt) + an sin(a)t))/ + t(otl cos(wt) + o sin(a)t))//,
that

2(at) cos(wt) + oz sin(a)t))/ = § sin(wt),

implying that p = 0 and —2ajw = §. Hence

8
yp(t) = — o t cos(wt)

is a particular solution of (6.32). Note that this solution is oscillatory with
unbounded amplitude. The general real solution of (6.32) is given by

8
¢y cos(wt) + ¢ sin(wt) — e tcos(wt), c1,c2 € R, (6.33)
w

Remark The general solution (6.33) can be used to solve the corresponding initial
value problem. To illustrate how this can be done, let us find the unique solution
of (6.32), satisfying the initial conditions

y(0) =0, y'(0) =1. (6.34)
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It means that in the formula (6.33), the constants ¢y, ¢ have to be determined in such
a way that (6.34) holds. Therefore, we need to solve the following linear system,

8
c1 =0, a)cz—%zl.

The solution y(¢) of the intial value problem is then given by

t)—1(1+8)'(t)—8t (wt)
y( == % sin(w 3 cos(wt).

Exponentials In case f is a linear combination of exponentials

L
fFO =) fie", fi.....fLeR (6.35)

j=1

where &1, ...,& arein R\ {A 1 )»2} and pairwise different and A, A, are the zeroes
of A2 + ar + b = 0, we make the ansatz yp() = Z]L'=1 oajesit for a particular
solution of y”(t) + ay’(t) + by(t) = f(¢). Since

L L

Vo)=Y Ejajetit, Y =) Elajet,
Jj=1 Jj=1

one obtains, upon substitution, that

L L
X:(ozjsj2 +aajEj + baj)esi' = ijesﬂ.
j=I

j=1

Hence
= /i , 1<j<L,
and
L
fj Eit
W)=Y L
P ;$f+a$j+b

is a particular solution of (6.27) with f given by (6.35). Note that E} +aéj+b#0
forany 1 < j < L, since by assumption, &; # A1, A2.



186 6 Differential Equations

Example Consider
Y'(t) =5y ) +4y@t) =1+, teR.

Note that A2 — 54 + 4 = 0 has the solutions A = 4, A, = 1. Hence the general
solution of the homogeneous equation u”(¢t) — 5u’(t) + 4u(r) = 0 is given by
c1e* + cpe’ with ¢y, c; € R. On the other hand, f(r) = 51! 4 52 with £&; = 0 and
& = L. We look for a particular solution of the form

yp®) =y ) +y$ @)

where yfyl) is a particular solution of y”(t) — 5y’(¢) + 4y(t) = 1 and yé,z) is a

particular solution of y”(¢) — 5y'(¢) + 4y(t) = ¢'. For yé,l) we make the ansatz
y(1) = a € R. Upon substitution into the equation y”(t) — 5y'(1) + 4y(1) = 1
we get yél)(t) = 1/4. Since €' is a solution of the homogeneous problem y” (r) —
5y'(t) +4y(t) = 0, we make the ansatz yl(,z) (t) = ate’. Substituting it into y” (r) —
5y'(t) +4y(t) = €', we obtain, with y'(t) = ae’ + ate’ and y"(t) = 2ae’ + ate’,

—3ae’ +at(e’ —5e' +4e') =¢,

yielding « = —1/3 and hence yf,z) ) =-— % te'. We conclude that
=1L
=3T3

is a solution of y”(¢) —5y'(t) +4y(t) = 1+ ¢’ and the general real solution is given
by

1 1
cre” 4 crel + 173 te', ¢, eR (6.36)

Remark The formula (6.36) can be used to solve the initial value problem

V') =5y @) +4y() =1+¢, 1eR,

©0) = ! '"(0) = s
Indeed, the constants c;,c2 € R in (6.36) can be determined by solving the
following linear system

1 1 1
- = -, 4 _—_- = =
c1+cz+4 1 c1t+ 2 3
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yielding ¢; + ¢2 = 0 and 4¢; + ¢» = 3. Hence ¢; = 1, ¢ = —1 and the unique
solution y(¢) of the initial value problem is given by

1
4t t t
t— j— ___t .
y()—e e + 3e

Problems

1. Find the general solution of the following linear ODEs of second order.

(i) y"(t) +2y'(t) +4y(t) =0,
(i) ¥ (t) +2y'(t) — 4y (1) = %

2. Find the solutions of the following initial value problems.

() Y@ = y'®) = 2y() =7, y(0) = 0,y'(0) = L.
(ii) y"(1) + y(t) =sint, y(0) = 1, y'(0) = 0.

3. Consider the following ODE:
Yi(@®) = y1(t) +2y2(t)
Yo (1) = 3y1(t) + 2y2(2)
(i) Find all solutions y(¢) = (y1(¢), y2(¢)) with the property that
lim [[y(®)] = 0.
11— 00
(i) Do there exist solutions y(¢) so that

lim y(®)|=0  and lim |y = 0?
—00 —>—00

1/2
Here [yl = (y1()* + y2)?) ">,
4. (i) Define for A € R2*2
o0 k
-1 1
COS A = u A%k and SsinA = E ( ) AL

(2k+ 1!

Verify that ¢'4 = cos A + isin A.

(i) Compute ' for A = (; _§>
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5. Decide whether the following assertions are true or false and justify your
answers.

(i) The superposition principle holds for every ODE of the form y”(¢) +
a(t)y(t) = b(t) where a, b: R — R are arbitrary continuous functions.
(ii) Every solution y(t) = (y1(2), y2(1)) € R? of

yi(0) =2y1(t) + y2(1)
V5(t) = Ty1(t) — 3y2(t)

is bounded, meaning that there exists a constant C > 0 so that

Iy@I? = y1(0)? + »@®*<C, teR.
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Solutions of Problems of Sect. 1.2

1. Determine the sets of solutions of the linear systems

. x+my=1 .. x+2y=e
(l){2x+6y:4, (“){zx+3y:f,
Solutions
. 2 —3 1 .
) L={(?_3,m)] (i) L = {(=3e +2f,2¢ — )}

2. Consider the system (S) of two linear equations with two unknowns.

2x+y=4
x—4y =2

(SD)
(82)

(i) Determine the sets L1 and Ly of solutions of (S1) and (S2), respectively

and represent them geometrically as straight lines in R2.

(ii) Determine the intersection Ly N Ly of L; and L, from their geometric

representation in R?.

Solutions

() Ly ={(,—2x+4) |x eR}L Ly ={(x, }x = D) | x e R}
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—,2/——4/—<7L 2 4

(i) The intersection with the x-axis is at the point (2, 0). Indeed, an algebraic check confirms
this result.

3. Compute the determinants of the following matrices and decide for which
values of the parameter a € R, they vanish.

. _(l—a 4 .. _ 1—a? a+ad?
(I)A_< 1 1—a> (H)B_(l—a a )

Solutions

(i) det(A) = (1 —a)? —4. From (1 —a)? — 4 = 0 follows that the determinant vanishes for
a=—landa =3.
(i) det(A) = (1 —a®a — (a +a®>)(1 —a) = 0, i.e. det(A) vanishes for all a € R.

4. Solve the system of linear equations
3x—y=1
S5x +3y=2

by Cramer’s rule.

Solutions Since det (g _;) = 14 # 0, we can use Cramer’s rule. Thus

1 -1 301
det det
e(z 3) 5 e(5 2) 1

X = = — ===

—_— s y— = .
3 -1 14 3 —1 14
det (5 3) det<5 3)

Hence, L = {(15—4 , ﬁ)}.
5. Decide whether the following assertions are true or false and justify your
answers.

(i) For any given values of the coefficients a, b, ¢, d € R, the linear system

ax +by =0
cx+dy=0

has at least one solution.
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(ii) There exist real numbers a, b, c,d so that the linear system of (a) has
infinitely many solutions.
(iii) The system of equations

X1 +x2=0
x12 + x% =1
is a linear system.

Solutions

(i) True.x =0, y = 0is always a solution.
(i) True. Choosea = 0,b =0, ¢ = 0,d = 0. Then any point (x, y) € R2 is a solution.
(iii) False. The second equation reads g(x1, x2) = 0 where g(x1, x2) = x12 + x% —1lisa
polynomial of degree two. Hence the system is not linear.

Solutions of Problems of Sect. 1.3

1. Determine the augmented coefficient matrices of the following linear systems
and transform them in row echelon form by using Gaussian elimination.

x1+2x24+x3= 0 x1—3x24+x3=1
(1) § 2x1 +6x2+3x3= 4 (i) 2x1+xp —x3=2
2xy + 5x3 = —4 X1 +4xy —2x3=1
Solutions
()
1 2 11 07
augmented coefficient matrix 2 6 3 4
L0 2 5| —4]
1 2 1 0]
Ry ~~ Ry — 2R, 0 2 1 4
L0 2 5| —4]
1 2 1 0]
R3 ~~ R3 — Ry 0 2 1 4
L0 0 4] -8
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(i1)

1 =3 1|1

augmented coefficient matrix 2 1 =12
L1 4 -2 1]
1 =3 1|17

Ry ~ Ry —2R|, R3 ~» R3 — R 0 7 =310
LO 7 =310
1 =3 1|17

R3 ~» R3 — R 0 7 =310
LO 0 010

2. Transform the augmented coefficient matrices of the following linear systems
into reduced echelon form and find a parameter representation of the sets of its

solutions.
X1 —3x)+4x3=5 x14+3x4+x34+x4=3
() x—x3=4 (ii) § 2x1 —x2 +x3 +2x4 = 8
2x) +4x3 =2 X] —5x2+x4=5

Solutions

®

1 -3 5
augmented coefficient matrix 0 1 —1]|4
L0 2 2
M1 -3 5
R3 ~ R3 — 2R, 0 1 -1 4
L0 0 6| -6
1 -3 4 5
R3 ~~ 1/6 R3 0 1 -1
L0 0 1| -1
1 -3 4 5
Ry ~~ Ry + R3 0 1 0
L0 1|—1
1 0 0 18
Ry~ Ry +3R, —4R3 010 3
00 1] -1

Hence, L = {(18,3, =D}.
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(i)

1 3 1 1]3
augmented coefficient matrix 2 -1 1 218 i|
L1 =5 0 1]5
(1 3 1 13
Ry~ Ry — 2Ry, R3 ~» R3 — R 0 -7 -1 012
0 -8 -1 02

1
Ry~ Ry — 8 Ry 0 -7 -1 0 2
0

1 3 1 1 3
Ry ~ l/(,7) Ry, Rz ~~ TR3 0 1 1/7 0|l — 2/7
L0 O 1 Of -2
1 3 1 1 3
Ry ~» Ry — /7 R3 01 00| 0
00 1 0}-2

—
=]
]
—
9]

Ry~ R —3R, — R3 0 0
00 1 0}-2

—
(=]
(=]

Hence, L = {(5 — 14,0,=2,14) | t4 € R} or in parameter representation
5 —1
4 0 0 . .4
F:R—>R* 1+ ) + 14 ol which represents a line in R*.
0 1

3. Consider the linear system given by the following augmented coefficient matrix

11 32
1 2 4|3
1 3 af B

(i) For which values of « and 8 in R does the system have infinitely many
solutions?
(i) For which values of o and 8 in R does the system have no solutions?

Solutions By using Gaussian elimination, we bring the augmented coefficient matrix into row
echelon form.
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1 1 312

augmented coefficient matrix 1 2 413

L1 3 ol B

11 3 2
Ry ~» Ry — Ry, Rz ~» R3 — R 0 1 1 1

10 2 -3 B—-2

1 0 2 1
R3 ~~ R3 — 2R, 0 1 1 1

10 0 -5 B—4

o # 5:only for @ # 5 can the augmented coefficient matrix be divided by & — 5 and hence
be transformed to reduced row echelon form.

L 0 0 1-2B9,_s

0 1 0f 1—-®Y/q_s

001 PV as)

The unique solution of the system is thus given by

L={(172('B_4),17(’6_4),(’3_4))}.
(=95 (@=95 (x—59)

(i) a =5, =4:fora =5and § = 4, we get the following augmented coefficient matrix
1 0 2|1
01 1]1
0 0 0]0
The set of solutions thus consists of infinitely many solutions given by

L={(1-2,1—¢t,0) |t eR}

with ¢ a free variable.
(i) «a =5, #4:fora =5and B # 4, we get

1 0 2 1
01 1 1

00 0| p—4
and the set of solutions is empty, L = .

4. Determine the set of solutions of the following linear system of n equations and
n unknowns

X1 + S5xp =0
x> + S5x3 =0

Xp—1 + 5x, =0
5x1 + x, =

|
—_



Solutions 195

Solutions By using Gaussian elimination iteratively, we get

1 5 0
15 0
augmented coefficient matrix
1 510
|5 1|1
(15 0
1 5 0
Ry ~+ Ry —5R)
1 510
|0 —5? 11
15 0
15 0
Ry~ Ry + 5" Ry
1 510
|0 0 §° 1|1

—_
— W
w

o o

Ry~ Ry + (=1)" 15" 1R,

1 5

000 ... 1+ (D157 | 1
inall lution for x,,: !
Finally, we get a solution orxn,xnzm.

By inserting the solutions backwards into the equations described by the augmented coeffi-
cient matrix, one obtains

1 1
=5 — ..., =75n—1.7.
it =53 e M = O e e
Hence the solution is unique,
L= 5! (=5 (=5) ! )l
1+ (_1)n715n 1+ (_1)n715n U+ (_l)n—lsn 14+ (—1)"’15”

5. Decide whether the following assertions are true or false and justify your
answers.

(i) There exist linear systems with three equations and three unknowns, which
have precisely three solutions due to special symmetry properties.

(i) Every linear system with two equations and three unknowns has infinitely
many solutions.
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Solutions

(i) False. The set of solutions is either empty, a single point, a line, a plane, or the whole
space. Thus there is either no solution, a unique solution, or there are infinitely many
solutions.

(ii) False. It can have no solutions as well. Consider for example the system of equations
with associated augmented coefficient matrix

augmented coefficient matrix |:} . H 0:|

1 1
Ry ~ Ry — Ry |:0 0

O =
—_— o
—_

which has no solutions.

Solutions of Problems of Sect. 2.1

1. Let A, B, C be the following matrices

1 0
a=(> "1 2 B=|2 2|. c=(" ?).
4 —2 4 . 0 2

(i) Determine which product Q - P are defined for O, P € {A, B, C} and
which are not (the matrices Q and P do not have to be different).
(i) Compute AB and BA.
(iii) Compute 3C> + 2C2.
(iv) Compute ABC.

Solutions

(i) For the product Q - P to be defined, the number of columns of Q has to be the same as
the number of rows of P. Since A has 2 rows and 3 columns, A € R2*3, B has 3 rows
and 2 columns, B € R3*? and C has 2 rows and 2 columns, C € R?*2, AB, BA, BC,
CA and CC are defined.

~1 0
- 2 -1 2 0 0
AB = = d
(i) (4 ) 4) i f <0 o) an
~1 0 -2 1 =2
BA=| 2 2 (i :; i) =l 12 -6 12
2 1 8 -4 8

1 2\ /1 2 1 10
ct=cC?.C*= = ,
0 4)\0 4 0 16
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—1 2\ (1 10 -1 22
S_Cc.c4— _
c=cc < 0 2) (0 16) ( 0 32)’
-1 22 1 2 -3 66 2 4 -1 70
5 2 2 = 2 = = .
3¢ +2C 3032+O4 096+08 0 104
(iv) From the solution of (i), it follows that AB = (0 0)

00\ /=1 2 00
h ABC = = .
ence ABC (o o) ( 0 2) (0 0)

2. Determine which of the following matrices are regular and if so, determine their

inverses.
1 2 =2
i A=10 -1 1
2 3 0
1 2 2
(ii) B = 0o 2 -1
-1 0 -3

Solutions

(i) Using Gaussian elimination, we decide whether A is regular and if so, compute its
inverse.

augmented coefficient matrix 0o -1 1

I

[\

w

(]

o o -
S = O
—_ o O

—_ o O

1 2 =2 1 0
R3 ~ R3 — 2R, 0 -1 1] 0 1 :|
Lo -1 4= o0
1 -2 1 00
Ry ~» —R» 0 1 —1 0 -1 0
0 -1 41| -2 0 1

R3 ~ R3+ Ry 0 1 —1 0 -1 0

R3 ~ /3 R3 01 —1 0 -1 0
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It follows that A is regular. Its inverse can be computed as follows.

1 0 O 1 2 0
Ry ~ R — 2R, 01 -1 0 -1 0
00 1{=%s -5
1 00 1 2 0
Ry ~~ Ry + R3 010 —2/3 —4/3 1/3
00 1= =5 "4
1 2 0
Hence, the inverse of Ais A~! = | — 2/3 - 4/3 2
= =5 s
(i) Using Gaussian elimination, we decide whether B is regular or not.
1 2 21 00
augmented coefficient matrix 02 —-1{{0 1 O
-1 0 =310 0 1
1 2 21 0 0
R3; ~~ R3 + Ry 02 —-11(0 1 0
L0 2 —1]|1 0 1
1 2 1 00
R3 ~ R3 — Ry 02 -1f0 10
L0 0 1 —1 1

Hence B is not regular.

3. (i) Determine all real numbers «, 8 for which the 2 x 2 matrix

()

is invertible and compute for those numbers the inverse of A.
(i) Determine all real numbers a, b, ¢, d, e, f for which the matrix

ad e
B:=|0bf
00c¢

is invertible and compute for those numbers the inverse of B.
Solutions

(i) The matrix is invertible if and only if det(A) = «? — 82 # 0. In the latter case, A~! is

given by Eq. (2.1),
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(ii) From

we see that B is invertible if and only if abc # 0. If abc # 0, we proceed by Gaussian

elimination.
(a d e 1 0 0
augmented coefficient matrix 0 b f|/0 1 0
L0 0 ¢c|l0 0 1
(1 Y || 0 0
Ri~ "R, Ry~ "yRp,Rs~"Ry [0 1 Tj| 0 Yy 0
L0 0 10 0 Y
(1 Yy || a 0O 0
Ry~ Ry — 1)y R3 0 1 00 Yy —Ihe
L0 0 110 o0 .
i 1 00 l/a - d/ah df/ah(‘ ‘_ e/ac
Ri~ Rl — %Y Ry —“/u Ry 01 0[]0 — 1 Joe
L0 0 1|0 0 Ye

Hence, the inverse matrix ist given by

l/a - d/ab df/abc - e/ac
0 l/b - f/bc
0 0 Ye

4. (1) Find symmetric 2 x 2 matrices A, B so that the product AB is not
symmetric.
(i1) Verify: for any 4 x 4 matrices of the form

A= Al Ap ’ B— B1 B>
0 As 0 B3
where A{, Ay, A3 and Bj, B>, B3 are 2 x 2 matrices, the 4 x 4 matrix AB
is given by

AB — A1By ABy+ A2B3 .
0 A3 B3

Solutions

(i) Consider the following general 2 x 2 matrices with a, b, ¢, d,a’,b’, ', d" € R,

ab\(a b\ (aa +bb ab +bc
cd)\cd')]  \ba +cb bbb +cc')
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Hence, for the symmetric matrices A = G é) and B = (? (1)), one has AB = <; })

(i) Forany 1 <i,j <2:
(AB)ij = Ri(A)C;j(B) = Ri(A1)C;(B1) = (A1B1)ij,

(AB)(i+2)j = Ri+2(A)C;(B) = (0 0) C;(B1) + Ri(A3) (8) =0,

(AB)i(j+2) = Ri(A)Cj12(B) = Ri(ANC;(B2) + Ri(A2)C;(B3) = (A1B2)ij +
(A2B3)ij,

(AB)(i+2)(j+2) = Ri+2(A)Cj42(B) = (0 0) C;(B2) + Ri(A3)C;(B3) = (A3B3);j.

5. Decide whether the following assertions are true or false and justify your
answers.

(i) For arbitrary matrices A, B in R2*2,
(A+ B)?> = A> + 2AB + B>

12

(i) Let A be the 2 x 2 matrix A = <3 5

>. Then for any k € N, A is invertible

and for any n, m € Z,

AT — AT A™
(Recall that AY = Idyyp and for any k € N, A% is defined as
AR = (A7hHk)
Solutions

(i) False. We first note that
(A+ B)> = A> + AB + BA + B?,

thus if AB # BA, the claim is false. Consider for example

20 01 02 03
A:(03>, B=<_10>, AB:(—SO)’ BA:(—zo)'
2 (40 02 03\, (-1 0y (35
(A+B) _<09>+(—30>+<—20)+<0 —l)_<—58>’
) » (40 04\ (-1 0\ _ (34
A+ 2AB + B _(09>+<_6O>+(0 _1>_(_68).

Then

while
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(ii) True. First note that A is invertible, since det(A) = 5 — 6 = —1 # 0. By Eq.(2.1) one

therefore has
Al = 1 5 =2 _ -5 2
det(A) \—3 1 3 —1)°

This implies that A is invertible, since AA~! = Ida, and thus AKA=% = AK(A—1)k =
A--A-A-AThATL AL = Idsx». Since A and A~ are defined for any k € N

——

=ldyx>

and A® = Idy.», the exponentiation law A" = A" A™ holds for any n, m € Z. More
precisely, for any n, m € N one has
APA™ — A A-A--- A= Atm

— —— ?

n m

AMATM — A—l . ~A_l ~A_1 . ~A_1 =AM,
n m

AnAOZAn :AOAn’

ATTATAT = AT ifri=n—m >0

ATMAT = .
AT"AMATT = AT ifri=n—m < 0

Solutions of Problems of Sect. 2.2

1. (i) Decide whether 'V = (2,5), a'® = (5, 2) are linearly dependent in R
(i1) If possible, represent b = (1,9) as a linear combination of a = (1,1
and a® = (3, —1).
Solutions

(i) a® and a@ are linearly independent if the matrix (i ;) is regular. Since det(A) =

4 —10 # 0, A is regular.
(i) To write b, if possible, as a linear combination of a® and a@, we need to solve the

linear system
ax=b,  a=(1 3),  =(%).
1 -1 X2

The corresponding augmented coefficient matrix can be transformed by Gaussian
elimination into row echelon form.

augmented coefficient matrix i ? H;
(1 3| 1]
R —
2~ Ry — Ry 0 _4H8-
1 3 1]
_1
Ry~ — /4 Ry 0 1H_2_
[1 0] 7]
R Ri —3R
1~ R —3R 0 IH—Z_

Hence, b = 7a) — 24@ .
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2. Decide whether the following vectors in R3 are linearly dependent or not.

G a® =(1,2,1),a?® = (-1,1,3).
() a = (1,1, -1),a?® = (0,4, =3),a® = (1,0, 3).

Solutions

(i) Let us assume that the vectors are linearly dependent and then either show that it is true
or show that the assumption leads to a contradiction.

Case 1. Let us assume there exists ] € R with ¢V = ¢1a@. This leads to 1 = —ley,
2 = lay and 1 = 3y, clearly a contradiction.

Case 2. Let us assume there exists ¢y € R with a® = azaD. This leads to —1 = lay,
1 = 2w and 3 = lay, also a contradiction.

Hence, the vectors a' and a® are linearly independent. Alternatively, the linear

independence of ¢ and a® can be established by showing that the linear system
0 0

Ax = | 0| has only the trivial solution x = <0> Here A is the 3 x 2 matrix, whose
0

columns are C1(A) = aV, C(4) = a®@. By Gaussian elimination we transform the

augmented coefficient matrix into row echelon form,

1 1|0
augmented coefficient matrix 1 110
L1 210
(1 1107
Ry ~» R) — R;, R3 ~ R3 — R 0 0fl0
LO 110
(1 1107
Ryos 0 110
LO 0] 0
0
Hence, Ax = | 0 | has only the trivial solution.
0

(ii) The vectors a‘",a® and a® are linearly independent if and only if for any real numbers
x1, x3, x3 with x1aD + x2a® + x3a® = 0, it follows that x; = 0, x = 0, and
x3 = 0. It means that the homogenous linear system Ax = 0 has only the trivial solution
x = 0. Here A is the 3 x 3 matrix with columns C;(4) = a¥, C2(A) = a®@ and
C3(A) = a®. By Gaussian elimination, we transform the augmented coefficient matrix
into row echelon form,
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augmented coefficient matrix

Ry~ Ry — Ry, R3 ~ R3 + Ry

Ry~ 4Ry

Rz ~~ R3 + 3R

Hence, Ax = 0 admits only the trivial solution x = 0.

3. (i) LetaV :=(1,1,1),a® := (1, 1, 2). Find a vector a® € R3 so that a1,
a®@, and a® form a basis of R3.
(i) Let [a] = [aV, a®] be the basis of R?, given by

aV =1, -,

Compute Id[e]_>[a] and Id[a]_>[e] .

Solutions

1 0 1

1 4 0
-1 -3 3
M1 0 1
0 4 -1
0 -3 4
M1 0

0 1 =
0 -3 4
1 0 1
01 =
Lo 0 1

a® =@, 1.

(=)

(=)

coco L— 1 1

(=]

203

(i) First, we note that a® and a® are linearly independent. Indeed, transforming, the
augmented coefficient matrix into row echelon form, one gets

1 110
augmented coefficient matrix 1 11/0
L1 210
1 110
R, ~ Ry — Ri, R3 ~ Rz — R; 0O 010
LO 110
1 110
Rye3 0 110
LO 010
Hence, a'¥ and a® are linearly independent. To find a® = (x1,x2,x3) so that

a® . a® 43 form a basis, we consider

1 1 xp
1 1 x
1 2 x3
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and transform it into row echelon form. As before

I 1 x10
augmented coefficient matrix 1 1 x|0
L1 2 x31|0
11 X 0
Ry ~~ Ry — Ry, R3 ~» R3 — R 0 0 xo—x11|0
L0 1 x3—x1 1|0
1 1 X 0
Ryo3 0 1 x3—x11|0
L0 0 xp—x1 || 0O

Hence, a possible solution is (x1, x2, x3) = (0, 1, 0). Note that there are many solutions.
In geometric terms, we need to choose a'” in such a way that it is not contained in the
plane spanned by a(1) and a®, {sa(l) +ta®@ |51 € R} c R3.

(i) Since the coefficients of a1’ and a® with respect to the standard basis [e] = [, e@]
are the components of a1 and a®, respectively, we first compute Id{4]— [¢].

Asa®D =1.¢M —1.e@ anda® =2.¢MD +1-e@, we get

1 2
S = Idpg)—[e) = (71 ]) .

Since T := Idjj[a] = S~', we need to find the inverse of S. We use Eq. (2.1) for the
inverse of a 2 x 2 matrix,

T R R
T det(s) \1 1) 3\ 1) U )

4. Consider the basis [a] = [aV,a®,a®] of R3, given by a'V = (1,1,0),
a® = (1,0,1) and a® = (0, 1, 1), and denote by [e] = [e]), e® 3] the
standard basis of R3.

(i) Compute S := Idjg)—[¢) and T := Id[e)—[q]-
(i) Compute the coordinates o1, oz, a3 of the vector b = (1, 2, 3) with respect
to the basis [a], b = a4 a@ra® +oe3a(3), and determine the coefficients
B1, B2, B3 of the vector 'V +2a® 434 with respect to the standard basis
[e].
Solutions

(i) Since the coefficients of V', a@ a® with respect to the standard basis [e] are known,
it is convenient to first compute S. One has

A =1 e 116D 406D 4@ .M 10.6@ 1100,

a® =06 £ 1.6® 4160,
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hence
1 1 0
S=|1 0 1
0o 1 1
Since T = S~!, we find T by transforming the augmented coefficient matrix into
reduced row echelon form,
1 1 0f[1 0 O
augemented coefficient matrix 1 0 1(j0 1 O
L0 1 10 0 1
1 10 1 00
Ry, ~ Ry — Ry 0O -1 11{-1 1 0
L0 1 1 0 0 1
1 10 1 00
R3; ~~ R34+ Ry 0 -1 11 -1 1 0
L0 0 2|—-1 1 1
1 1 0 1 0 0
Ry~ =Ry, Ry~ 'h Ry 01 -1 1 -1 0
L0 0 1= Th h
1 1 0 1 0 0
Ry~ Ry + R3 010 1/2 - 1/2 1/2
L0 0 1= ' 'n
[t ool ' ho='p
Rl WR] —Rz 01 0 1/2 _1/2 1/2
L0 0 L= h h

1 1 -1
Hence, T=4| 1 -1 1
—1 1 1
(i) The coefficients o1, o, a3 of b = (1, 2, 3) with respect to basis [a] can be computed as

) 1 N (1 1 -\ [1 0
o=l =lpw |2 =T 2= 1 -1 1]f2]=1]1
3 3 3 -1 1 1)\3 2

The coefficients 81, B2, B3 of the vector 1a® +2@ 4 34® with respect to the basis [e]
can be computed as

Bi 1 1 110\ /1 3
B=|B|=Wag=s@|2]=S|2]=(101]]2]=|4
B3 3 3 011) \3 5

5. Decide whether the following assertions are true or false and justify your
answers.
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(i) Let n, m > 2. If one of the vectors aV, ..., a®™ e R™ is the null vector,
then aV, ..., a®™ are linearly dependent.

(i1) Assume that a®, ... a™ are vectors in RZ. If n > 3, then any vector
b € R? can be written as a linear combination of 'V, ..., a™.

Solutions
(i) True. Suppose a® = 0in R” with 1 < k < n. Then
a® =0=3"0-a".
J#k

(ii) False. Suppose a' = a® = 4@ = 0, then the claim is false for any b € R? \ {0}.

Solutions of Problems of Sect. 2.3

1. Decide whether the following vectors in R3 form a basis of R3 and if so,
represent b = (1, 0, 1) as a linear combination of the basis vectors.

(i) aV =(1,0,0),a® = (0,4, —1),a® = (2,2, -3),
(i) aV = (2, -4,5),a?® = (1,5,6),a® = (1, 1, 1.

Solutions

(i) We simultaneously check a®, 4@ and a® for linear independence and solve Ax =

1 0 2
b where A = |0 4 2 |. To this end, we transform the augmented coefficient
0o -1 -3
matrix in row echelon form.
1 0 2|1
augmented coefficient matrix 0 4 2|0
L0 —1 =31
1 0 2 1
Ry~ R3+ 14 Ry 0 4 2 1|0
L0 0 =3h |1
1 0 2 1
Ry~ s Ry, Ry ~ — Y5 R3 o1 Yy 0
L0 0 1 ||=%
(1 0 ol %%
Ry~ Ry—'hRs, Ri~Ri —2Rs |0 1 0| s
L0 0 1%

Consequently, A is regular, hence a®,a® 4@ s abasis of R3 and

o240 L@ 2 0
5 5 5
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(ii)) We simultaneously check a®, a@ and a® for linear independence and solve Ax = b

212
where A = |—4 5 1 |. Again, we transform the augmented coefficient matrix into row
561
echelon form.
F2 1 1|1
augmented coefficient matrix -4 5 110
L 5 6 1|1
M2 1 1 1
RQWR2+2R],R3—5/2R1 0o 7 3 2
LO 7h 3h||l-h
2 1 1 1
R3 ~» R3 — 1/2 Ry 0 7 3 2
LO 0 =3 ||=5
(1 s hll s
Ri~'"hRi,Ry~ 1Ry, Ry~ — 3Ry 0 1 34| %
LO 0 1 ||%
(1 % 0 Y12
Ry~ R —'2R3, Ry~ Ry — 37 R; 0 1 0f -4
LO 0 1 s
(1.0 0|
R{ ~ Ry —1/2R2 01 0 —1/14
LO 0 1 s

Consequently, A is regular, hence a®,a@ . q® is abasis of R3 and

5 1 5
dU L@ 23

b=% 14 6

2. Compute the determinants of the following 3 x 3 matrices

123
i)A=[ 456],
789
123
i) B=[456
789

Solutions

(i) We compute the determinant using Gaussian elimination.

123\ RewRotdRi (=1 2 3
det| 45678 gt 013 18] = (=1(13-30 - 18.22)
789 022 30

=18-22-30-13 =396 -390 =6.
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(ii) We compute the determinant using Gaussian elimination.

123 1 2 3 1 2 3
det{456] =det|0 -3 —6]=det|{0 -3 —6]=0.
789 0 -6 -12 0 0 0

3. (i) Compute the determinant of the 3 x 3 matrix

101\
A=[-110
111

(i) Determine all numbers a € R for which the determinant of the 2 x 2 matrix
43 -2 1
B =
(1o)+= (& )

(i) Since det(AB) = det(A)det(B), one has det(A%) = (det(A))®. Furthermore, by
expanding det(A) with respect to the first row, we get

vanishes.
Solutions

101

det|—110| =det 1o + det R R S
11 11
111
and hence det(4) = (—=1)® = —1.
(ii) One has B = (4 —2a 3 +a> and hence
1—a —a

det(B) = (4 —2a)(—a) — B +a)(1 —a) = 3a® — 2a — 3.
Solving 3a? — 2a — 3 = 0, we find that the determinant vanishes for a = % + @.

4. Verify that for any basis [a(l), a®, a(3)] of R3, [—a(l), 2a®, q» +a(3)] is also

a basis.
Solutions Let 5V = —a®, p@ = 24@ p® = g 4 43 Then
—101
(b(l) »@ b(3)) = (a(l) a® a(3)) 020
001

The vectors bV, 5@ b3 form a basis if the determinant of the left hand side of the latter
identity is nonzero. Since det(AB) = det(A) det(B), we conclude

~101
det (b b@ p®) =det (@D a@® a®)det| 020
001

= —2det (a(l) a® a<3))

and the right hand side is nonzero since a®, a® 43 form a basis.
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5. Decide whether the following assertions are true or false and justify your
answers.

(1) det(AA) = Adet(A) forany A € R, A € R"*" n > 1.
(i) Let A € R™™" n > 1, have the property that det(A%) = 0 for some k € N.
Then det(A) = 0.

Solutions

(i) False. Since A A = (ACl ACy ... ACn) with C; = Cj(A), 1 < j < n, one has by
Theorem 2.2.3

detAA = ) det (C; ACy ... ACy)
=22det(Cy C3 AC3 ... ACy) = ...
=A"det(C1 Cy ... Cy) = A" det(A)
Hence, for n > 2 and det(A) # 0, it follows that for A = 2, det(2A) = 2det(A) is not
correct.

(ii) True. Since det(AB) = det(A) det(B), det(A¥) = (det(4))". Hence, if (det(4))" = 0,
then det(A) = 0.

Solutions of Problems of Sect. 3.1

1. Compute the real and the imaginary part of the following complex numbers.

. 1—i
L+ .. ) N | o+ =
W 55 (i) @+3D7 (i) — (iv)—-
+ 31 (I-1) 1+m
Solutions
0 I+i  (A4+D@=3i) 243+2i-3i 5-i 5 i
2431 (243D)Q2-3i) 449 T 13 713 13
() 2431 =22+3-22.31)+3-2-GB)*+(Bi)* =8-544+(36—27)i = —46+9i
1 A+i?  14+3i43124+3  —242i 1 i
(iii) — = = = = 4
1—i3 23 8 8 4 4
i tiE ot 2 l2i 14201420 1
1 2421 : : 12 :
14+ 553 112; 141 2421 (141 21 2

2. (i) Compute the polar coordinates r, ¢ of the complex number z = +/3 +i and
find all possible values of z!/3.
(i) Compute the polar coordinates r, ¢ of the complex number z = 1 + i and
find all possible values of z!/3.
(iii) Find all solutions of z* = 16.
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Solutions

(i) Notethatr = |z| = +/3+ 1 =2 and that cosp = /3/2,sing = 1/2, hence ¢ = /6
(mod 27) and z = 2¢'™/°. The third root z'/3 takes therefore the values
25 AR o< <2
(ii) One hasz = +/2¢'™/* so that r = +/2 and ¢ = /4 (mod 27). The fifth root z!/5 then
takes the values

1 in i2mj
21 FTF, 0<j<4

(i) Onehas z; = 2¢127//4 0 < j <3, thatis z0 = 2,71 = 2i, 20 = —2 and 73 = —2i.
—3i

3+4+4i
16 .n

(ii) Compute real and imaginary part of the complex number ) 2 | i".
(iii) Express sin’ ¢ in terms of sin and cos of multiples of the angle ¢.

3. (i) Compute

Solutions

(i) We compute

2-3i  2-3D3—4i)  —6-17i

34+4i 9+ 16 25
so that
28 _ L ey =Lums-Llus
34+4i| " 25 25 s '
16 A7 s :16

i’ =i i°—=1

ii) Oneh i" = =i- =0.

(ii)) One ale P i P

n=1
(iii) Letz:=e'? = cos¢ + ising. Then z — 7 = 2isin¢ and

—8isind g = QRising)’ =z -2 =22 -327+3:82 -2
=22 -2 -3:-2.
Since
22 =70 = c0s(3p) +isin(3p) — (cos(3p) — isin(3p)) = 2isin(3p)

it follows that

— 8isin® ¢ = 2isin(3p) — 6ising,

Co 3 3. 1.
yielding sin’ ¢ = 7 sing — 1 sin(3¢).
4. Sketch the following subsets of the complex plane C.

() Mi={zeCllz—1+2i| > |z+1]}
(i) My={zeC|lz+il=2z-2| <1}
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Solutions

(i) The set of points z € C satisfying |z — 1 + 2i| = |z + 1] is the set of all points in
C, having the same distance from —1 and 1 — 21i. This set is given by the straight line
of slope 1 through —1i. The set M| is given by the closed half plane above this line. In

particular, 0 € M.
’ / Re(z)

 Fr 7 A

(ii) M5 is given by the intersection of the complement of the open disk of radius 2, centered
at — i, and the closed disk of radius 1, centered at 2.

2o Almlz)
7T 7
2

Mo
L.
et

Re(z)

T
SN
\

5. Decide whether the following assertions are true or false and justify your
answers.

(i) There are complex numbers z1 # 0 and z3 # 0 so that 71z = 0.
(ii) The identity i’ = i holds.
(iii) The identity i = e~ /2 holds.

Solutions

(i) False. Indeed, suppose z1 # 0, then zl_l exists and we can multiply the equation z1zo = 0

by zl_l to obtain 0 = 21_12122 = 73, which contradicts z # 0.
(ii) False. This would imply that —1 =i> =i-i=i-i ="' =i.

(iii) False. By Euler’s formula e~ 172 = cos(—m/2) +isin(—m/2) = —i.

Solutions of Problems of Sect. 3.2

1. Find the roots of the following polynomials and write the latter as a product of
linear factors.
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(i) pz) =272 —4z—5
(i) p) = 2 +27+43

Solutions

. L L 2 . _
(i) The discriminant of p is given by 4”7 - = }—g - 75 = % > 0. Hence p has two real

roots. We compute these roots by completing the square. First devide 2z — 4z —5 =0
by 2 to get z> — 2z — % = 0. Completing the square then yields

5 5 7
2 2 2
—2— =224l -1-=(-1)*-=.
S R ;= @=bi=3

Hence z — 1 = £4/7/2 orz =1+ 4/7/2 and p can be factorized as

p(2) =2z —1++7/2)(z—1-/7)2).

i) Since the discriminant of p is givenby 25 — ¢ =4 _3 — 27 0, p has two complex
pi1sg Y 12 T 4 171 p p

roots. By the formula for the roots of a polynomial of degree two, one has

Zl.2=(—£iiv4ac—b2)=—liiﬁ

2a  2a

and hence p factors as p(z) = (z + 1 —iv2)(z + 1 +1/2).
2. Let p(z) = 2> — 5z +z —5.

(i) Verify that i is a root of p(z).
(i) Write p(z) as a product of linear factors.

Solutions

(i) One computes p(i) = P—52+i-5=—i+5+1i-5=0.

(ii) Since all coefficients of p(z) are real, —i must be a root as well and therefore p(z) =
gz +1)(z—1) = q(z)(z2 + 1) where ¢(z) is a polynomial of the form (z — a). By
comparison of coefficients, one infers that a = 5 and hence p(z) = (z —5)(z +1)(z —1).

3. (i) Find all roots of p(z) = z* + 27> — 5 and write p(z) as a product of linear
factors.
(ii) Find all roots of p(z) = z° + 3z> + z and write p(z) as a product of linear

factors.
Solutions Both equations are first reduced to polynomials of degree two by a substitution and
then analyzed by the methods discussed.

(i) With the substitution z> = y, one obtains y*> + 2y — 5 = 0, which has the following
roots,

b 1
yi=——4+—Vb>—dac = —1+6,

Hence, the four roots of p are given by

Zl,z=ﬂ:\/—l+7«/€, 23,4=:ti\/1+\/g.
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(Two roots lie on the real axis and two on the imaginary one.) Thus p factors as

p(z)=(zf\/fl+«76)(z+\/71+«/€)(z—i\/1+«/€)(z+i\/1+\/€).

(i) The polynomial p(z) factors as p(z) = zq(z) where g(z) := (z* 4+ 3z% + 1). Hence
75 := 0 is a root of p. With the substitution z2 = y, g(z) leads to the polynomial
y% + 3y + 1, whose roots are

3 1 1 3 1 1
=24 V5 =—-(3-5), =2 o5 =—-(3+V5).
Y1 2+2f 2( V53) y2 ) 2(+f)

Hence,

1 1
210 =+i—1/3-+/5, 3a=%i—1/3+5.
1,2 ﬁ 3.4 ﬁ

(All roots lie on the imaginary axis.) Therefore, p factorizes as

p(z)zz(z—iL 3—«@)(z—l-iL 3-45)

V2 V2
-(z—i% 3+xf5)(z+i% 3+5).

4. Consider the function

fiR—>R, x> x>+5x*+x—1

(i) Compute the values of fatx = —1,x =0and x = 1.
(i) Conclude that f has three real roots.

Solutions

i) f(=1)=2, f(0)=—1land f(1) =6.

(i) Since f(—1) > 0, f(0) < 0 and f(1) > 0, f has at least one root in the open
interval (—1, 0) and at least one in the open interval (0, 1). Since all coefficients of the
polynomial f are real, it then follows that the third root of f also must be real.

5. Decide whether the following assertions are true or false and justify your
answers.

(i) Any polynomial of degree 5 with real coefficients has at least three real
roots.

(i) Any polynomial p(z) of degree n > 1 with real coefficients can be written
as a product of polynomials with real coefficients, each of which has degree
one or two.
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Solutions

Solutions

®
(i)

False. The polynomial p(z) = 22+ 1D (2+4) is of degree 5 and all its coefficients are
real. It has the four purely imaginary roots i, —i, 21, —21.

True. Without loss of generality we assume that p(z) = 2" + an_12"' + . ... First,
we consider the case where p has at least one real root. Denote the real roots of p by
ri,1 < j < kwhere ]l < j < k < n.In the case where k = n, one has p(z) =
nlstn(Z —rj). Incase where 1 < k < n, p(z) factors as p(z) = q(z) l_llsjsk(z —rj)
where ¢(z) is a polynomial with real coefficients of degree n — k, which has no real
roots. It therefore must be of even degree, 2m = n — k. Since the roots come in pairs of
complex numbers which are complex conjugate to each other, we can list the roots of g
as zj,2;, 1 < j < m where Im(z;) > 0. It then follows that

9@ =[] c-pe-zp =[] @-lziP.

1<j<m 1<j<m

Hence the claim follows in the case where p(z) has at least one real root. The case where
p(z) has no real roots follows by the same arguments. Actually, it is simpler, since in this
case ¢(z) = p(2).

Solutions of Problems of Sect. 3.3

1. Find the set of solutions of the following complex linear systems.

@

(ii)

{ 21—z =2
(=14+1)z1+Q2+1)z2=0
71 +izng—(1+1i)z3=0
izi+z22+ 10 +1)z3=0

(1 +2i)z1+ (A +i)z2+223=0

Solutions We solve these complex linear systems with Gaussian elimination.

®

augmented coefficient matrix [ ! —i 2:|
£ -1+ @+ 0
. 1 —i 2
Ry ~ Ry — (=1 +1)R; [0 | 2—2i:|

Hence,zp =2 —2iandinturnz; =2 — (—1)(2 — 21) = 4 4+ 2i.
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(i)

! i -1+ |0

augmented coefficient matrix i 1 (14110
L (1+21) (1+1) 2 0
1 1 =141 |0

Ry~ Ry —iR|,R3 ~» R3 — (1 +21)R 0 2 2i 0
L0 3 (1431 |0
1 1 —(1+D |0

Ry~ Ry —*h Ry 02 2i ||0
L0 0 1 0

Hence, z3 =22 =21 =0.

2. (i) Compute the determinant of the following complex 3 x 3 matrix,

1 i I+i
A=10 —1+i 2
i 2 1+2i

(i1) Find all complex numbers z € C with the property that det(B) = 0 where

g (1420 3+4i)
0 1-2i)

Solutions
(i) We expand with respect to the first column.

(14D 2 . i (1 +1i)
det(A) =1 det( ) (l+2i)>+ldet((—l+i) ) )

= (141 +2i) —4+i(2 — (-1 +D1+1)=-9+i.

(ii) Since det(B) = ((1+2i)(1 —2i) — 3 +4i)2)” = (5 — B +41)2)”.
Therefore, det(B) = 0, if

5 53 —41) _15-20i 3 4

=—-—ci

T 3141 (3+40)3G—41) 25 5

Z

3. (i) Compute AAT and ATA where AT is the transpose of A and A € C>*3 is
given by
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(i) Compute the inverse of the following complex 2 x 2 matrix

A= 21. 1..
1+1 1-—1

Solutions
1 i
(i) Since AT=[i -2 , we get
2 i
. 1 i
aaT= (VP 41
i =2 i ’ i2
and
1 i 0 —i 1
ATa=[i —2 (} 721 ?): —i 3
2 i 1 0o 3

(i) The inverse of a regular 2 x 2 matrix B = <a Z) € C?*2 can be computed as
c

gt 1 <d —b)
" det(B) \—c a)’

In the case at hand, det(A) = 1 + i. Hence ﬁ(m = % and in turn

A,,:l—i =i =1\ _ (=i (=140,
2\~ +i) 2 -1 1+i /)

4. Decide whether the following vectors in C3 are C-linearly independent or C-
linearly dependent.

i) a® =1,24+1,1),a® =(=1431,1+1,3+1)
(i) bD = (141, 1—i, —=141), b = (0,4—21, =3+51), b® = (141, 0, 3)

Solutions

(i) It is straightforward to verify that there is no complex number A so that ¥ = xa® or
a® = xaD. Hence the two vectors are C-linearly independent.

(ii) We compute the determinant of the 3 x 3 matrix B, whose rows are given by the
transposes of the three vectors b, b®, and b, by expanding det(B) with respect
to the first row,

1+i 0 1+i
det| 1—i 4 —21i) 0
—14+i —-3+5i 3

=14+D@4-2)3+10+DA—-D(3+51) - A +D(—1+1)4—-21)
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=(6+21)3+2(—3+50)+2@4 —2i)= (18— 6+8) + (6+ 10— 4)i
=20+ 12i #0.

Hence, the three vectors are linearly independent.

5. Decide whether the following assertions are true or false and justify your
answers.

(i) There exists vectors a'l), a® in C? with the following two properties:
(P1) For any o1, oy € R with a1aM + apa® = 0, it follows that &) = 0
and an = 0 (i.e. a1, a® are R-linearly independent).
(P2) There exist A1, B2 € C \ {0} so that B1aV + Bra® = 0 (i.e. aV,
a® are C-linearly dependent).
(i) Any basis [a] = [a®, ..., a®™] of R" gives rise to a basis of C", when
a® ... a™ are considered as vectors in C”.
(iii) The vectors ¢V = (i, 1,0), a®® = (i, —1,0) are C-linearly independent
in C? and there exists a® € C3 so that [a] = [V, a®, a®] is a basis of
C3.
Solutions

(i) True. Leta® = (1,0) and a® = (i, 0). These vectors in C? are C-linearly dependent,
since a® = ia() where B1 = iand B, = —1. Hence, (P2) is satisfied. On the other
hand, for any o1, oy € R with a1a®D 4+ aya® = 0, it follows that

z:=a;+a2i=0, a1 -04+ar-0=0.

Since o1 and a are real, z = o1 + 2 1 = 0 implies that «; = 0 and o = 0. Hence (P 1)
is satisfied as well.

(ii) True. Let b be an arbitrary vector in C*. Then b = b1 +ib® where b = (b+b)/2 €
R" and b = (b — D) /(2i) € R". It follows that there are uniquely determined real
numbers A;l), )\5.2), 1 < j < n,sothat

n n
b =32 Pa, 5@ =3 0P,
j=1 j=1

Hence b = bV +ip® = Z?:I(Ay) —l—i)»;z))a(j) and A;I) +i)»5-2) eC,1 <j<n,are
uniquely determined. This shows that [a] = [a®, ..., a"™]is abasis of C".

(iii) True. Let a® = (0,0, 1). The 3 x 3 matrix A € C3*3, whose rows are given by al,
a®, and a®, is regular since det(A) = —21i # 0. It follows that a®,a® and a® are
linearly independent (and so are a‘" and a®) and hence form a basis of C.

Solutions of Problems of Sect. 4.1

1. Decide which of the following subsets are linear subspaces of the corresponding
R-vector spaces.
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(i) W = {(x1, x2, x3) € R? | 2x1 + 3x2 + x3 = 0}.

(i) V = {(x1, x2,x3,x4) € R* | 4xy + 3x3 + 2x4 = 7}
(iii) GLr(3) = {A € R¥3 | A regular}.
(iv) L ={(x1,x) € R* | x1x2 = 0}.

Solutions

(i) Note that W = {x e R} | Ax = 0} where A = (2 3 1) € RY3. Therefore, W equals
the space of solutions of the homogenous system Ax = 0 and hence is a linear subspace
of R3. Indeed, for u,v € W and A € R, we have A(u + v) = Au + Av = 0 and
AGw) = LAu = 0.

(i) Note that V = {x € R* | Ax = 7} with A = (0 4 3 2) € R"** In particular, 0 ¢ V
and hence V is not a linear subspace of R*. (It is however an affine subspace of R*).

(iii) Clearly, 0 ¢ GLR(3) and hence G Ly (3) is not a linear subspace of R3%3,
(iv) Note that e = (1,0) and ¢® = (0, 1) are both in L, but e + ¢® = (1, 1) is not.
Hence L is not a linear subspace of R

2. Consider the following linear system (S),

3x1+xp—3x3 = 4
x1 4+ 2x2 + 5x3

I
|
)

(i) Determine the vector space of solutions Lpom € R? of the corresponding
homogenous system

3x1+x—3x3 =0
X1 +2x+5x3 =0

and compute its dimension.
(ii) Determine the affine space L of solutions of (S) by finding a particular
solution of (S).

Solutions

(i) We consider the augmented coefficient matrix and use Gaussian elimination.

augmented coefficient matrix j ; 7? H 8]
(3 1 =310

Ry~ 'Ry —R

2~ 3Ry 1 0 5 6H0]
(1 5 —1 |lo

Ry~ Y3R1, Ry~ 35 R -

1~ /3R, Ry ~7f5- Ry 0 1 15 | o

Ry~ Ry — 5 R 1 0 ="sllo

1 1 3 A2 _O 1 |8/5 ol
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11 18
Consequently, Lpom = {( 5 t, — 5 1,1) ‘ te ]R} and dim(Lpom = 1.
(i) Setting x3 = 0, one finds by Gaussian elimination the particular solution ype =

(2, =2, 0). The space L of solutions of the inhomogenous system (S) is thus given by

11 18
L= ypu+ Lnom = [ @ 2.0+ (51— T 1.1) |1 < B},

3. Let P3(C) denote the C-vector space of polynomials of degree at most three in
one complex variable,

P3(C) = {p(2) = a3z’ + wz* + a1z +ag | ap. a1, az, a3 € C},
and by E3(C) the subset

E3(C) = {p € P3(C) | p(=2) = p(2),z € C}.

(i) Find a basis of P3(C) and compute dim P3(C).
(ii) Verify that E3(C) is a C-subspace of P3(C) and compute its dimension.

Solutions

(i) The standard basis of P3(C) is given by [p3, p2, p1, po] where pi(z) = *0<k<3,
and hence dim P3(C) = 4.
(ii) By comparison of coefficients, for any polynomial p € P3(C), the condition

p(=2) —pix) =0, zeC,

implies that —az — a3 = 0 and —a; — a; = 0, implying that a3 = 0 and a; = 0. Hence,
E;(C) = {azzz +ag | ag,az € (C} which is a subspace of P3(C) with basis [p2, pol
and thus dim E3(C) = 2.

4. Consider the subset W of C3*3,

W ={(aipi<ij=3 € C¥3 | a;j=0,1<i < j <3}

(i) Find a basis of C>*3 and compute its dimension.
(ii) Verify that W is a linear subspace of C3>*3 and compute its dimension.

Solutions

(i) The standard basis of C3*3 is given by the nine 3 x 3-matrices E;j,1<1i,j<3where
Eij = (@) 1<mn<3 is the matrix with af’ = 0 if (m, n) # (i, j) and a{]’%” =1
Hence dim(C3*3) = 9.

(ii) In view of Item (i),

W= {Zbi’-iEi'j | b,',_,' € (C}.

1<i<j<3
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Hence W is a linear subspace of C3%3 and dim(W) = 6.

5. LetA = (“‘) e R2x1,
a»

(i) Determine the rank of ATA € R!*! and of AAT € R?*2 in terms of A.
(ii) Decide for which A the matrix ATA and for which A the matrix AAT is
regular.

Solutions
(i) We compute

2
ATA — I I YL _(u  aa)
(a1 az) <a2 ay + a; @ (a] az) 2

aa, ay

If (a1, a2) # (0, 0), then a% + a% # 0, hence rank(ATA) = 1. Conversely, if a; = 0 and
ap = 0, then AT A is the zero matrix and rank(ATA) = 0.

Solutions of Problems of Sect. 4.2

1. Verify that the following maps f: R” — R™ are linear and determine their
matrix representations f[.1—[.] With respect to the standard bases.

(i) f:R* = R2, (x1,x2, X3, x4) > (x1 + 3x2, —x1 + 4x).

(i) Let f: R? — R2 be the map acting on a vector x = (xq, x2) € R? as
follows: first x is scaled by the factor 5 and then it is reflected at the x»-
axis.

Solutions

(i) Letx,y € R* and » € R. Then

_ [ G+ F3x+y2) [ x1+3x y1+3y»
faty= (f(x + )1 +4x + y)z) (ﬂn + 4Xz> + <fy1 + 4yz>
= f)+ ),
o Q)1 +30x)2) x1+3x\
fox) = (—()»x)l + 4()\)6)2) =4 (—X1 + 4x2> =M.

So, f is R-linear. Moreover,

feM) = < i) =e) — @, fe?) = <3> =3eM) 4402,

~

Fe®) = (g) —0.eM 406D, Fle®) = (g) —0.¢ 10. e,
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Hence,

13 0 0
f[ep[‘*]_<—1 4 0 0)'

(ii) f:R? — RZ is the composition of the two operations

X3 Sxp X2 X2
_ (—5x\ X1 (50
f<x>_<5x2)_A(x2)’ A_(05>'

Hence, f is R-linear and fj¢]—[c] = A.

Consequently,

2. Let P; be the R-vector space of polynomials of degree at most 7 with real
coefficients. Denote by p’ the first and by p” the second derivative of p € Py
with respect to x. Show that the following maps map P7 into itself and decide
whether they are linear.

(i) T(p)(x) :=2p"(x) +2p'(x) + 5p(x).
(ii) S(p)(x) :=x2p”"(x) + p(x).

Solutions First note that for any polynomial p(x) = ZZ:O agx* in P7, the derivative p’ of p
is given by

7
p(x) = Zakkx]“l =a;+2ax+---+ 7a7x6 (A.1)
k=1

and hence a polynomial of degree at most 6, implying that p’ is an element in P;. Similarly,
the second derivative p” of p is given by

7
px) = Zakk(k —Dx*2 =24y +3 2a3x + -+ 7 - 6a7x>, (A.2)
k=2

which is a polynomial of degree at most 5 and thus also in P;7. Furthermore, it is easy to see
that for any polynomials p, g in P7 and any A € R, one has

P+ =pX)+qd®, (p+qg)"x =p"x)+q"x), (A3)
(Ap) (x) = Ap'(x), p)'(x) = ap" (x). (A4)

(i) By (A.1)-(A.2) it follows that for any p € P7, T'(p) is in P7 and by (A.3)—(A.4) one has
forany p,q € P;and L € R,

Tp+@) =2p+9)" @) +2(p+¢) ) +5(p +q¢)x)
=2p"(x) +2p'(x) + 5p(x) + 29" (x) + 2q' (x) + 5q(x)
=T(p)x) +T(@)x),
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and
T (hp)(x) = 24p" (x) + 24p"(x) + SAp(x) = 22p" (x) 4+ 2p'(x) + 5p(x))
= AT (p)(x).
Altogether, this shows that T is linear map from 7 into itself.
(ii) By (A.2) it follows that for any p € P7, x?>p”(x) is a polynomial of degree at most 7

and hence in P7. One then concludes that for any p € P7, S(p) is in P7. Furthermore,
by (A.3)—(A.4) one has for any p,q € P; and 1 € R,

S+ =x*(p+9) @)+ (p+9)x)
=x2p"(x) + p(x) + x2¢" (x) + q(x)
= S(p)(x) + S(g)(x)

and
SGp)(x) = x2(p)" (x) + Ap) (x) = A(x2p" (x) + p(x)) = AS(p)(x).
This establishes that S is a linear map from 7 into itself.

3. Consider the bases in RZ, [e] = [e(D, e@], [v] = [¢@, D], and
[wl=[w" w®],  w=0Dn, w?=qa-1

and let f: R? — R? be the linear map with matrix representation

12
Jlel>1e1 = <3 4) :

(i) Determine Id[v]_>[e] and Id[e]ﬁ[v].
(i1) Determine f[v]—>[e] and f[v]—>[v]-
(iii) Determine fiy}—[w]-

Solutions

() Since v = @ and v® =D,

01
ldy)>pe) = <1 0) :

Conversely, e = v@ and @ = v hence

01
Idie)—»pv) = (1 0) .

(Note that Id[elﬁ[v] Id[v]ﬁ[e] = Id[v]ﬁ[v] and Id[vlﬁ[e] Id[e]ﬁ[v] = Id[e]ﬁ[e]. In
particular, one has Idj,| ) = Id[_v%»[e]‘)
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(ii) A straightforward computation gives

12\ /01 21
Jwi=tel = fiel-le1 M- e = (3 4) (1 0) = (4 3> ,

01\ /21 43
-1 = e 1 fiel>te1 ldp—>pe) = (1 0) (4 3) = (2 1) .

(iii) We first note that
1 1
ldjy) ) = (1 _ 1) .

To compute Id[e]ﬁ[w], we invert Id[w]a[e],

! 1/~ -1\ 1/1 1
e =1, ) =72\ )72 =)
Consequently,

Stwi—>tw1 = Idjej>w] fiel>fe1 Idwi—[e]
11\ 12y(t 1)_1
1 —1J\34/\1 —-1) " 2
10 -2\ (5 -1
-4 o) " \2 o)

4. Consider the basis [v] = [v!, v®, v®)] of R3, defined as

()6 D)

N =

SR

v =(,0,-1, W@ =21, WP =111,
and the basis [w] = [wD, w®] of R?, given by
w® = (1, -1), w® =@, -1).

Determine the matrix representations 7j,]—[y] Of the following linear maps.
i) T: R — R, (x1,x2,x3) = (243, x1).

(i) T: R — R?, (x1, %2, x3) > (X1 — X2, X1 + X3).

Solutions

(i) We first note that

11—l
002 1 2
Tiel>1e) = (1 0 0) oo ldpseg = 0 2 1), Idujse = <_1 _1> :
-1 1 1

We further compute

4 1 =2
Idie)—w) = ldp, 10 = ( | 1) )
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hence
Tiv1— w1 = Idte1— w1 Tiel—(e1 1dpu1—[e]
_<—1 —2)(002) (1) ; _i
Loy too)\ 7
(-1 =2\ (-2 2 2
L1 11 -1
(0 —4 0
T\l 3 1)
(i) With

1 -1 0
T[e]»[e]=<1 0 1>

and the computations of Id[y)—[¢] and Idj.}— ] Of (i), we obtain

o) tw) = Wiej w) Tiel(e] ie)>fu)
<—1 —2) <1 -1 0)
= 0 2 1
1 1 1 0 1 1 1
(-1 =2\ (1 -1 =2
“\1 1)\ 2 o0
(-1 =3 2
1 1 =2/
5. Decide whether the following assertions are true or false and justify your

answers.

(i) There exists a linear map 7': R?> — R so that {T(x) | x € R3} =R’
(ii)) For any linear map f: R" — R", f is bijective if and only if
det( fie}—ep) # O.

Solutions

(i) False. Suppose the claim was true. Then, there exist x@ € R3, 1 <i <7 with f(x®) =
¢ Since the dimension of R3 is three, the vectors x@ are linearly dependent. Hence,
there exist (a1, ..., a7) € R7\ {(0, e ,O)} so that 0 = 2,7:1 aix®, implying that

7 7 7
0= F(Xax® = Y e fx) = 3 aze®,
i=1 i=1 i=1

which contradicts the fact that [e(”, o 6(7)] is a basis of R7.
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(ii) True. By Theorem 2.2.5, the matrix fi,-[ € R"™" is invertible if and only if
det( fiej—»1e]) # 0. Furthermore, since f(x) = fi¢]—[e)x for any x € R" (here we
identify x with the corresponding n x 1 matrix), f is bijective if and only if f¢j—[e] is
invertible. It then follows that f is bijective if and only if det( f{ej—[e]) # O.

Solutions of Problems of Sect. 4.3

1. Let B: R? x R?> — R be given by
B(x,y) =3x1y1 + x1y2 + x2y1 + 2x2)2

where x = (x1, x2), y = (y1, y2) € R%.

(i) Verify that B is an inner product on R?.
(ii) Verify that the vectors a = (% ,0) and b = (0, %) have length 1 with
respect to the inner product B. )
(iii)) Compute the cosine of the (unoriented) angle between the vectors a and b
of Item (ii).

Solutions

(i) Itis to check that B satisfies (/ P1), (I P2), and (I P3), i.e. that B is symmetric, linear
(in the first component), and positive definite.

(IP1): For any x, y in R?,
B(y, x) = 3y1x1 + y1x2 + y2x1 + 2y2x2 = 3x1y1 + X2y1 + X1y2 + 2x2y2 = B(x, y).
(IP2): For any x, y, z in R2, anda € R
B(x +y,2) =301 + y)z1 + (x1 + y1)z2 + (x2 + y2)z1 + 2(x2 + y2)22
= B(x,z) + B(y, 2),
B(ax,y) = 3ax1y1 +ax1y2 + axay) +2ax2y2 = aB(x, y).
(IP3): Forany x € R?, one has B(x, x) = 3x?4+2x1x2+2x2 = (x1+x2)>+2x3+x3 > 0.

If x = 0, then B(x, x) = 0. Conversely, if B(x, x) = 0, then (x] + x)? =0, xlz =0
and x% =0, hence x = 0.
(ii)) We compute

and similarly
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2.

Solutions
(iii) We find

B((% »0), O, %)) 11 1

cos g 1= —.

1 1 == 5
II(ﬁ > OO, ﬁ)ll V3 NV2V6

Let (-,-) be the Euclidean inner product of R3 and v, v@ 3 be the

following vectors in R3, v = (- L — @ = (% .0, % ),

2 1

NN RN )

v® = (- L L L)

(i) Verify that [v] = [vD, v@ 3] s an orthonormal basis of R3.

(ii) Compute Id[yj—[¢], verify that it is an orthonormal 3 x 3 matrix, and then
compute Idj,|—[y]. Here [e] = [eD, @ 3] denotes the standard basis of
R3.

(iii)) Represent the vectorsa = (1,2, 1) and b = (1, 0, 1) as linear combinations
of v, v@ and v,

Solutions

(i) We need to check that (v, vy = §; j- By a straightforward computation we get

D My =L 4,1
W)y =¢c+z+g=1
2) @y — 1,1 _
(v(),v))—j-f—j_l,
PP M) =1y i+i=1,

and by symmetry of the inner product, it suffices to further check that

NI I
,0%) = - 7=+ = =0,
W@y = L2 1
WO = - A w0
N I I
o) = - =+ = =0.

(i1)) One has

1 1 _1
NN} NG
e = | =%y 0 Y5

I/JE I/ﬁ ]/ﬁ

Since [v] is an orthonormal basis of R, Idy]—[¢] is an orthogonal matrix. Indeed, one
computes

- l/JE -6 I/JE —;/ﬁ Vg - yﬁ
ING) o0 JVall-7w O NG

1 1 1 1 1 1
N N SN NN SN

100
010].
001

So. we verified Idie} .y x = Idf,|_, |, = Id

T
Idpy1o ey Mdpui— el

T
[v]—>[e]*
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(>iii) Since [v] is an orthonormal basis of R3, one has for any vector x € R3,x = 23/‘:1 d; v

where d; = (x, vl )). Alternatively, d = (d1, d, d3) can be computed as d = Id[,]—[y] X
with x = (x1, x2, x3). In this way one obtains for a and b as given,

4 2
a=——vD 4+ V20 4+ ¥, b=~2v?.
Ve V3

3. Let (-, -) be the Euclidean inner product on R? and vV = (% ,— % )-

(i) Determine all possible vectors v® e R so that [v", v@] is an orthonor-
mal basis of R2.
(i1) Determine the matrix representation R(¢)[y]—[¢] Of the linear map

R(p): R?> — Rz, (x1,x2) > (cos@-x1—sing-xp, sin@-x;+CcoS@-x2)

with respect to an orthonormal basis [v] = [w®, v@] of R2, found in
Item (i).
Solutions

(i) An orthonormal basis has to satisfy (v(i), v(j)) = §;;. Denote v®@ = (x1, x2), then

1
2 2
x> 4+x2=1, and — (x1 —x2) =0.
1 2 \/E
This gives x; = x2 and hence 2x12 = 1. So v® equals either (% s %) or
_ 1 _ 1
(i) Let[v] = [v", v®] denote the orthonormal basis of R? with v® given by ( % , % ).
Note that
cosg —sing i i
R(Q)(e)—>le1 = ( : ) > dpp+ e = 1 V2 1 V2
sing cos @ N /f

Hence R(¢)[v]—[e] = R(@)[e]—[e] Id[v]—[e] can be computed as
1 (cosgp+sing cosg—sing
R Sl =—7=1 . . .

@rul-tel V2 <sm @ —cosg sing + cosg

4. (i) Let T: R* — R? be the rotation by the angle % in clockwise direction in
the xx2-plane with rotation axis {0} x {0} x R. Determine T},]—[.] Where
[e] = [eW), @, ¢ is the standard basis of R3.

(ii) Let S: R* — R? be the rotation by the angle Z in counterclockwise
direction in the x>x3-plane with rotation axis R x {0} x {0}. Determine
S[e]—[e] and verify that it is an orthogonal 3 x 3 matrix.

(iii) Compute (S o T)[e]—[e] and (T 0 S)(e]—[e]-
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Solutions

(i) Clearly, Te® = 3 Further, the vectors e and e® are rotated in the x1x2-plane
by —n/3. In particular, their third component stays constant. As in the case of RZ, we
compute

Te'V = (cos(/3), —sin(r/3), 0), Te® = (sin(r/3), cos(/3), 0).
Altogether we thus obtain

cos(r/3) sin(z/3) O
Tie}>[e) = | —sin(zw/3)  cos(w/3) O
0 0 1

(i) We have SeV) = e, 5e@ = (0, cos(w/3), sin(r/3)), and Se® = (0, —sin(r/3),
cos(r/3)), so that

1 0 0
Ste]>fe] = |0 cos(/3) —sin(w/3)
0 sin(z/3) cos(m/3)

S is orthogonal since for any vectors e ¢\ of the standard basis [e] = [eV, ..., e™],
one sees by straightforward computations that

(Se® SeWy =0, i#£j and  (Se®, Se®)=1.

(iii) Recall that the matrix representation of a composition of two linear maps is given by the
matrix multiplication of the appropriate matrix representations of the two linear maps.

Hence
(S o Diet>le] = Stel—lel - Tiel=lels (T 0 Siel>fe] = Tiel>le] * Stel-1e]-
It thus follows that
1 0 0 cos(w/3) sin(z/3) O
SoDejseg=|0 cos(r/3) —sin(r/3) —sin(w/3) cos(w/3) O
0 sin(z/3) cos(m/3) 0 0 1
cos(m/3) sin(mr/3) 0
= |—cos(x/3) sin(xr/3) cos?(1/3) —sin(r/3)
—sin(r/3) cos(r/3) sin(r/3) cos(m/3)
and
cos(wr/3) sin(z/3) O 1 0 0
(T 0 )iejsfe; = | —sin(w/3) cos(n/3) O 0 cos(z/3) —sin(/3)
0 0 1 0 sin(z/3) cos(m/3)
cos(/3) cos(m/3)sin(w/3) — sinz(rr/3)
= | —sin(w/3) cosz(rr/3) —cos(mr/3) sin(r/3)

0 sin(/3) cos(mr/3)
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5. Decide whether the following assertions are true or false and justify your
answers.

(i) There exists an orthogonal 2 x 2 matrix A with det(A) = —1.
(i) Let v, v@ v® @ be vectors in R* so that

(v(i), U(j)) =8

forany 1 <i, j <4 where (-, -) denotes the Euclidean inner product in R4
and §;; is the Kronecker delta, defined as

0 ifi# ],
1 ifi=j.

ij =

Then [v(l), v® 3 v(4)] is a basis of R*.

Solutions

(i) True. Consider A = ((]) (1)) Then

a6 -6

(ii) True. Since the dimension of R* equals 4, it remains to verify that vV, v@ y® &
are linearly independent. Suppose this is not the case. Then one of the vectors, let us say
v® | can be written as a linear combination of the others,

v@ = alv(l) +a2v(2) +013v(3), op, a2, a3 € R,
implying that (v®, v®) = Z§:1 aj(v(j), v™®). Since by assumption (v, v®) =

1 and (v(4),v(j)) = 0 forany I < j < 3, one then obtains 1 = 0. Hence
v, v® 3 v® are indeed linearly independent.

Solutions of Problems of Sect. 5.1

1421 140\ g,
1. Let A = e C2%2,
© <2+2i 2-)

(i) Compute the eigenvalues of A.
(i) Compute the eigenspaces of the eigenvalues of A.
(iii) Find a regular 2 x 2 matrix S € C>*? so that S™'AS is diagonal.

Solutions
(i) The characteristic polynomial x4(z) = det(A — zId,x2) of A can be computed as

xa@) =(=1+2i-2)2-i-2) -1 +D2+20)

=2 —z—iz+i=Gc-DiE-1
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Hence the eigenvalues of A, given by the roots of the characteristic polynomial, are
X1 = 1 and A2 = i. (Note that both eigenvalues have arithmetic multiplicity 1, hence the
spectrum of A is simple.)

(ii) The eigenspace Ej,(A) of A for the eigenvalue A; is defined as the nullspace of
A — 11 Id2«2. One obtains by Gaussian elimination

2421 14i 1 iy 1 i
A= Tdyyn = s /2) .
P (2+21 1—i) (1 i) 0 0

Hence vV = (i, 2) is an eigenvector of A for A;. Since A; is simple, the eigenspace
E), (A)is givenby Ej, (A) = {a(i, 2)|ae (C}. Similarly, one computes the eigenspace
E;, (A) of A for X;.

—1+i 1+i 1 —i 1 —i
A— A ldryr = ~ .
2102 ( 2+2i 2—21)”“(1 —i) (0 0)
Hence v® = (i, 1) is an eigenvector of A for A,. Since A, is simple, the eigenspace
Ej,(A) is given by E;, (A) = {a(i, 1) |« € C}.

(iii) Since v) and v® are eigenvectors of A for distinct eigenvalues, they are linearly
independent and hence [v] = [, v@] is a basis of C2. It follows that

_ 10
(Idpy— o))~ Aldpy) (] = (O i)

and

ii
S = Id[u]—)[e] = (2 )

1

2. LetA =
=}

—1 . .
1), viewed as an element in C2*2,

(i) Compute the eigenvalues of A.
(ii) Compute the eigenspaces (in C?) of the eigenvalues of A.
(iii) Find a regular 2 x 2 matrix S € C?*? so that S™'AS is diagonal.

Solutions

(i) The characteristic polynomial y4(z) = det(A — zIdyx2) of A can be computed as
x@=0-2(-1-2+2=2"+1
Hence the eigenvalues of A are A = i and A = —1i. (Note that the spectrum of A is
simple.)

(ii) The eigenspace Ej,(A) of A for the eigenvalue A; is defined as the nullspace of
A — X1 Id2«2. One obtains by Gaussian elimination

1—1i —1 1 a4y, 1 A+,
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(iii)

231

Hence v = (1 +1, 2) is an eigenvector of A for A;. Since A is simple, the eigenspace
E,, (A) is given by E; (A) = {(x(l +1,2) | @ € (C}. Similarly, one computes the
eigenspace E;,(A) of A for Aj.

1+i -1 1 (—1+i)/2 1 (—H—i)/2
A_Mldmz( 2 —1+i)“<1 1+, ) 7 \o o )

Hence v® = (1 —1, 2) is an eigenvector of A for ;. Since A5 is simple, the eigenspace
E;,(A)is given by Ej, (A) = {a(l —1,2) | e (C}.

Since v and v@® are eigenvectors of A for distinct eigenvalues, they are linearly
independent and hence [v] = [v®, v@] is a basis of C2. It follows that

_ i 0
(dp)sfe) ™' ATdp e = (0 —i)

and

I+1i 1-i
S =Idp)>(e) = < ) ) >

1 i 1 i

—h=ih Th+ih

(i) Verify that A is unitary.
(i) Compute the spectrum of A.
(iii) Find an orthonormal basis of C2, consisting of eigenvectors of A.
Solutions
(i) The matrix A is unitary if and only if KTA = Id) . We find
=~ ‘= h-lh
A= 1 i 1 i
—ht+'h h="h
and hence
=t _ (= =h+ih
A =14 i 1 i, |-
=" ="
By a straightforward computation one finds that XTA = Idy«» and hence A is indeed
unitary.
(i) The characteristic polynomial x4 (z) = det(A — zIdy«2) of A can be computed as

xa@=@-2@a—2—(~a)a=@-2>+d*,  a:=(1+i)/2

Hence the roots of x4 (z) satisfy a — z = v/—a? = 4ia and hence the eigenvalues of A
are given by

M=a—ia=0—-Da=0-D1+1)/2=1,
M=at+ia=1+Da=1+D1+i)/2=i.
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(iii) We first compute an eigenvector of A for A;. By Gaussian elimination,

1 i 1 i ; ;
—h+h 2+ /2) (1 —1) (1 - 1)
A= 1dyys = . 2 ) .
e (‘ 'h=h —'h+'h 1 —i 0 0
Thus v = % (i, 1) is an eigenvector of A for A; with [vV|| = 1. Similarly, we
compute an eigenvector of A for A5,

1 i 1 i : ;
=" ‘h+'h Li li
A= ldryr = / 2} s .
2rwe (— =i h=h 1i) " \oo
Thus v® = % (—1, 1) is an eigenvector of A for Ay with lv®] = 1.

Since A is unitary and A and A, are distinct eigenvalues, v and v® are orthogonal.
Indeed,

WD, v@) =M @ 0B g

Taking into account that both v and v®@ are of norm one, it follows that [v™", v@7] is
an orthonormal basis of C2.

2 i 1
4, LetA=|—-i 2 —i] e
1 i 2

(i) Verify that A is Hermitian.
(i) Compute the spectrum of A.
(iii) Find a unitary 3 x 3 matrix § € C3*3 so that S~ AS is diagonal.

Solutions
L 2 i 1
) AT=|-1 2 —i|=A.
1 i 2

(i) The characteristic polynomial y4(z) = det(A — z1d3x3) of A can be computed as
@D =2-2(2-2*-1)+i(ie-2—i)+(1-2-2)
=Q2-2-32-2+2=-+6:2 -9z +4.

By an educated guess, we find that z = 1 is a root of x4(z) and hence (z — 1) (and
therefore —(z — 1)) is a factor of x4 (z). One computes

—P 462 =9z 4+4=—(c—DE*-52+4) =—c— D —DE—4.

Therefore, the eigenvalues of A are given by A = 1, A2 = 1 and A3 = 4. Note that A,
has algebraic multilpicity two, whereas A3 is simple.

(iii) To find a basis of C3, consisting of eigenvectors of A, we first compute the eigenspace
Ej, (A) (= Ej,(A)) of A. By Gaussian elimination

1 i 1 1il
A—-Mld3x3=|-i 1 —-i]~ 1000
1 i 1 000
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Hence w) = (—1,1,0) and w® = (—1,0, 1) are linearly independent eigenvectors of
A for A; and hence

Ey (A) = {alw(l) +aw?® |, € C}.

We need to find an orthonormal basis of Ej, (A). Note that w® and w® are not
orthogonal. Indeed, (w®, w®) = —i % 0. Define v() := % (—1, 1, 0). Then vD
is an eigenvector of A for A1 of norm one. Further set

i35 D

5P = w® — @@ ) = (=1,0,1) = (=i, 1.0) = (-

N =
N =

Then v" and ? are orthogonal. Finally, to obtain an orthonormal basis of Ej; (A) we
need to normalize 7@,

1 1
v? = 7@ = 7= (-1,i,2).

[ V6

Now let us turn to the eigenvalue A3, which is simple. To find an eigenvector of A for A3,
we get by Gaussian elimination

-2 i 1 2 —i —1 2 —i —1
A—Mld3x3=|-1 -2 —i|]~|-2i -4 =2i]~]|0 -3 -=3i
1 i =2 2 21 —4 0 3i -3

2 —i -1

~ 10 1 i

0 0 0

Hence v® = % (1, —1, 1) is an eigenvector of A for A3 of norm one.

Since A is Hermitian, and A and X3 are distinct eigenvalues, v® s orthogonal to E;  (A)
and hence [v] = [vD, v®, v®] is an orthonormal basis of C3. Altogether we conclude
that

100
(dpi—e) ' Aldps = [0 10
004

is a diagonal 3 x 3 matrix and

NN N
S=lpise=| Y 15 Vi
0 Y5 s

a unitary 3 x 3 matrix.

5. Decide whether the following assertions are true or false and justify your
answers.

(i) Assume that A, B € C>*? and that A € C is an eigenvalue of A and u € C
is an eigenvalue of B. Then A +  is an eigenvalue of A 4 B.
(ii) Forany A € C2*2, A and AT have the same eigenspaces.
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Solutions

Solutions

®

(i)

00 01
eigenvalue of A and of B, but 1 + 1 = 2 is not an eigenvalue of Idy».

False. Let A = (1 0) and B = (O 0) . Then A + B = Id;«,. Note that 1 is an

False. Let A := (g (1)> Then AT = (? 8) Note that 11 = 0 is the only eigenvalue of

A. It has algebraic multiplicity 2 and geometric multiplicity 1. Furthermore v =(1,0)
is an eigenvector of A and Ej, (A) = {oc(l, 0) | o e <C} the eigenspace of Aj. The
spectrum of AT coincides with the one of A. But the eigenspace E A (AT) is given by
E (AT) = {a(0, 1) |« € C}.

Solutions of Problems of Sect. 5.2

1. Let A = (1 4) e R2x2,

1)
(ii)
(iii)

23

Compute the spectrum of A.
Find eigenvectors v1, v® e R? of A, which form a basis of R
Find a regular 2 x 2 matrix S € R>*? so that S™' AS is diagonal.

Solutions

®

(i)

(iii)

The characteristic polynomial y4(z) = det(A — zIdy«2) of A can be computed as
0@ =(0-2C3—-2—8=22—4z-5=(z+ D -5).

Hence the eigenvalues of A are A = —1 and A, = 5. Note that both eigenvalues are
simple and real.
Let us first find an eigenvector of A for 1. By Gaussian elimination

24 12
A*)Llld2><2=<24>“"’<00>7

Hence vV = (=2, 1) € R? is an eigenvector of A for A1. To find an eigenvector of A
for Ay, one argues similarly. By Gaussian elimination

4 4 1 -1
A*?\ﬂdzxz:(z —Z)W(O 0),

Hence v® = (1,1) € R%is an eigenvector of A for X;.

Since v™" and v® are eigenvectors of A for distinct eigenvalues and in addition vectors
in R?, they are linearly independent in RZ. Hence [v] = [v(D, v®] is a basis of R2. It
follows that

_ ~10
(dpy) (e~ Aldpyy o) = ( 0 5)
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and
—21
S :=Idpsreg = ( 1 1) .
2 1 0
2.LetA=(0 1 —1],viewed as an element in C3*3,
0o 2 -1

(i) Compute the spectrum of A.
(i1) For each eigenvalue of A, compute the eigenspace.
(iii) Find a regular matrix § € C3*3 so that S~! AS is diagonal.

Solutions

(1) The characteristic polynomial y4(z) = det(A — zId3«3) of A can be computed as
@ =Q2-2(1-2(-1-2)+2Q2-2)=—( -2+ D).

Thus the eigenvalues of A are A; = 2, A =1, and A3 = —i. Note that all the eigenvalues
are simple.

(ii) The eigenspace Ej,(A) of A for the eigenvalue A; is defined as the nullspace of
A — X1 1d3x3. One obtains by Gaussian elimination

0 1 0 010
A—xrld3=|0 -1 —-1|]~|001],
0 2 =3 001

Hence v = (1,0, 0) is an eigenvector of A for 1. Since A is a simple eigenvalue,
E; (A ={a(1,0,0) |« € C}.

The eigenspace E;, (A) of A for the eigenvalue A, is computed in a similar fashion. By
Gaussian elimination

2—i 1 0 2—1 1 0
A — A Idsgz = 0 1—1 -1 ~ 0 2 —1-i],
0 2 —1-1 0 0 0

Hence v® = (=1 —=31,5+ 51, 10) is an eigenvector of A for A;. Since X is a simple
eigenvalue, Ej, (A) = {a(—1 —3i,5451,10) | « € C}.
Finally, we compute the eigenspace Ej;,(A) of A for the eigenvalue A3. By Gaussian

elimination
24i 1 0 1 0 a=30/
A — A3 ld3x3 = 0 1+i —1 ~ 10 2 —1+i
0 2 —1+i 0o 0 0

Hence v® = (—1 4 31,5 — 51, 10) is an eigenvector of A for A3. Since A3 is a simple
eigenvalue, E;,(A) = {oz(—l +3i,5-51,10) |a € (C}.
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(iii) Since v, 1@ and v® are eigenvectors of A in 3 for distinct eigenvalues, they are
linearly independent in C3. Hence they are linearly independent in C> and therefore
] = D, v@, v®]is a basis of C3. It follows that

2 0 0
(Idpyse) Al =0 i 0
0 0 —i

and

1 —1-3i —1+3i
S::Id[v]*)[e]: 0 5+5i 5-5i
0 10 10

3. Determine for each of the following symmetric matrices

2 1 1
1 A= <? ;) B=11 3 =2
1 =2 3

its spectrum and find an orthogonal matrix, which diagonalizes it.
Solutions

(1) The characteristic polynomial y4(z) = det(A — zIdyx2) of A can be computed as
@D =Q-27—1=2"-4z+3=(- D -3).

Hence the eigenvalues of A are A; = 1 and A = 3. Note that both eigenvalues are
simple. First we determine an eigenvector of A for A;. By Gaussian elimination one has

11 11
A_)Llld2><2=(1 1)W<OO).

Hence vV = % (=1, 1) is an eigenvector of A for the eigenvalue A with o] = 1.
To determine an eigenvector of A for A, we argue similarly,

—1 1 1 -1
A—).zIdez:( | _1>W(0 0).

Hence v® = % (1, 1) is an eigenvector of A for the eigenvalue X, with v®] =

1. Since v) and v® are eigenvectors of A in R? for distinct eigenvalues and A is a
symmetric 2 X 2 matrix, v and v® are orthogonal in R2. Therefore [v] = [v(D, v@]
is an orthonormal basis of R2. It follows that

_ 10
(Idp) (o)~ Aldpy) o) = (0 3)

and that
1 1
=/ /
S = Id[v]ﬁ[e] = ( 1 \/5 1 ‘/5)
NN

is an orthogonal 2 x 2 matrix.
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(ii) The characteristic polynomial x4 (z) = det(A — zId3«3) of A can be computed as
M@ =2-(B-2"-4)-(B-+2)+(-2-3-2)
=0B-29Q2-293-2)—-2B-2)—-4B3—-2)
=3-2(2-2B3-2-6)=C-2E* -5 =23 -2)(z—5).
Hence the eigenvalues of A are A = 0, 2> = 3, and A3 = 5. Note that each of the three

eigenvalues is simple.

First we determine an eigenvector of A for A;. By Gaussian elimination one has

2 1 1 2 1 1
A—Ald3xz =11 3 21 ~1|2 6 —4
1 -2 3 2 —4 6

2 1 1 2 1 1

~ 10 5 =5]~]0 1 -1

0 -5 5 0 0 0

Hence vV = % (—1,1, 1) is an eigenvector of A for 1| with o) = 1.
Similarly, we compute an eigenvector of A for A,. By Gaussian elimination

—1 1 1 —1 1 1
A— A ld3x3 = 1 0 2|~ 0 1 -1
1 -2 0 0

Hence v® = % (2,1, 1) is an eigenvector of A for Ay with [[v®| = 1.
Finally, we compute an eigenvector of A for A3,

-3 1 1 -3 1 1 -3 1 1
A —xld3u3 = 1 -2 =2~ 1 -2 =2]1~13 -6 -6
1 -2 =2 0 0 0 0 0 0
-3 1 1 -3 0 0
~ 0 -5 =5]~10 1 1
0 0 0 0O 0 O
Hence v® = % (0, —1,1) is an eigenvector of A for A3 with lv®] = 1. Since

all three eigenvalues are simple and v(", v, and v® are normalized eigenvectors in

R3, it follows that [v] = [vD, v®, v®)] is an orthonormal basis of R3. Altogether we
conclude that

000
(Id[u]—)[@])_lAId[v]—)[e] =1030
005

and that

- 1/«/3* ?/Jé 10
i e — 1l
1 1 1
NN N

S = ldp)s e =

is an orthogonal 3 x 3 matrix.
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4. (i) Assume that A is a n x n matrix with real coefficients, A € R"*", satisfying
A? = A. Verify that each eigenvalue of A is either 0 or 1.
(ii)) Let A € R"*" Forany a € R, compute the eigenvalues and the eigenspaces
of A + ald,x, in terms of the eigenvalues and the eigenspaces of A.
Solutions

(i) Suppose A is an eigenvalue of A and v an eigenvector of A for A, Av = Av. Then
A0 = Av = AAv = A(\v) = A%v.

Since v # 0, it follows that A2 = A. So either A = O or A = 1.
(i) Let Ay, ..., A, be the eigenvalues of A, listed with their algebraic multiplicities. The
characteristic polynomial x4 (z) = det(A — z1d, x,,) of A the reads

xa@ =" [ a=ap.

I<j<n
Hence

XA+ald,x, (z) =det(A — (z —a)ldyxn) = XA (z —a).

Therefore, the roots of x44414,,, are the roots of x4, translated by a. It means that the
eigenvalues of A +ald,x, are A| +a, ..., X, +a.

Any eigenvector of A for an eigenvalue A of A is also an eigenvector of A + ald, x,
for the eigenvalue A + a of A + ald, «,. It follows that for any 1 < j < n, Ej;(A) =
E)Lj+a (A +aldyxy).

5. Decide whether the following assertions are true or false and justify your
answers.

(i) Any matrix A € R3*3 has at least one real eigenvalue.
(ii) There exists a symmetric matrix A € R5*5 which admits an eigenvalue,
whose geometric multiplicity is 1, but its algebraic multiplicity is 2.

Solutions

(i) True. Assume that A has not only real eigenvalues. Let A € C be an eigenvalue of A with
Im(%) # 0. Then also the complex conjugate A of A is an eigenvalue of A with Im A # 0.
Consequently, the characteristic polynomial of A is of the form

xa(@) =0 =2 —2)(n—2) = (12> = 2Re(W)z + 25 (1 — 2)

with u being the third eigenvalue of A. Since A is a real matrix, x4(z) € R for any
z € R. This implies that u € R.

(ii) False. By Theorem 5.2.5, the geometric multiplicity of any eigenvalue A of a real
symmetric matrix A in RS is equal to the algebraic multiplicity of A.
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Solutions of Problems of Sect. 5.3

1. (i) Decide, which of the following matrices A € R"*" are symmetric and
which are not.

321 12 1 2 3
(@ (213 (b) <_2 1) © |2 -1 3
132 3 4 1

(i1) Determine for the following quadratic forms Q the symmetric matrices A €
R3*3 5o that Q(x) = (x, Ax) for any x = (x1, x2, x3) € R3.
(a) Q(x1,x2,x3) = 2)612 + 3x§ + x32 + x1x3 — 2x1x3 + 3x2x3.
() O(xy, x2,x3) = 8x1x2 + 10x1x3 + x% — x% + Sx% + Txox3.
Solutions
(i) (a) is symmetric, (b) and (c) are not.

(i) (a) Writing Q(x1, x2, x3) in the form

1 1 3 3
O(x1,x2,Xx3) = X1 (2x1 —|—5 xz—X3)+x2(3x2+E X1 —|—5 X3)+X3()C3—X1 +§ xz),

2 -1
A= ( ho 3 3/2) :
-1 3 1

(b) Similarly, write Q(x, y, z) in the form

one sees that

7 7
Q(x1, x2, x3) = x1(x1 +4x2 +5x3) +x2 (4x1 +5x2+ 3 x3) +x3(5x1 4 = x2 —x3),

2
1 4 5

A=|4 5 .
5 7 -1

2. Find a coordinate transformation of R? (translation and/or rotation) so that the
conic section K y = { f(x1, x2) = 0} is in canonical form where

yielding

fx1,x2) = 3)612 + 8x1xp — 3x§ + 28.

Solutions Clearly

, 3 4
f(xl,xz):(A(i;),(i;))-{—ZS, A:<4 _3).
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Solutions

To determine the eigenvalues of A, consider the characteristic polynomial x4(z) = det(A —
zIdax2) of A,

xA@=0B-2(-3-2—16=2>-25=(z— 5 +5).

Hence, A1 = 5 and A» = —5. To obtain an eigenvector of A for A;, we compute

-2 4 I -2
A — A ldyyr =
ae= (7 - (5 73)

Hence v(D = % (2, 1) is an eigenvector of A for 1| with lo®) = 1. Similarly, to find an
eigenvector of A for A,, one computes

8 4 115
A — o ldyyy =
2122 (4 2) ~ (0 0

Hence v® = % (=1, 2) is an eigenvector of A for A with lv®| = 1. Since vV and

v® are normalized eigenvectors of A for the distinct eigenvalues A; and respectively, A2,
[v] = [vP, v@] is an orthonormal basis of R2. Hence

I (2 -1
= Idp, el = ——=
$ =l = 75 (1 2)

is an orthogonal 2 x 2 matrix and ST AS = diag(5, —5) or A = Sdiag(5, —5)S . It implies
that

f(x) = (Ax, x) = (diag(5, —=5)S"x, STx).
Let y := STx. Then x = Sy and
F(Sy) =5y} =555 +28.

Hence

5
3 —yD =1y=5"x}

Kf={x|§

. Verify that the conic section K 5 = { flx) = 0} is a parabola where f is given

by
f(x) :x12+2x1x2 +x§ +3x14+x2—1, x=(x1,x)€ R2.

Solutions Writing 3x| 4+ x2 as 2(x] + x2) + x| — x2, one obtains by completing the square of
(x1 +x2) 4+ 2(x1 + x2),

FO) =@+ 420 +x)+x—x—1=@ +x24+D>4+x —xp —2.
We want to find a translation

T:R2—>R2,x|—>y:=x+a, a:(al,az)eRz,
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so that f(x) = (y1 + y2)> + y1 — y2 or
@+ D xg —x =2 = (v +a) + (2 + @)’ + @1 +ar) — (2 + a).

It means that ay, a; have to satisfy a; + a2 = 1 and a; — ap = —2. One obtains a; = —1/2
and a, = 3/2. Note that

fO =01+ +y—y»  y=x+a,

can be written as

F@) = (Av,3) + (b, 3), A:(H) M=QDA

To bring Ky into normal form, we have to analyze the spectrum of A. The characteristic
polynomial x4(z) = det(A — zIdyx2) of A is given by

xa@=0-2%-1=22 -2z =2z -2),

hence A; = 2 and Ay = 0 are the eigenvalues of A. Note that both eigenvalues are simple. To
obtain an eigenvector of A for the eigenvalue 1, we use Gaussian elimination,

-1 1 1 -1
A—Aldayr = ~ .
=11 )= (5 )
Hence vV = % (1,1) € R? is a normalized eigenvector of A for the eigenvalue Aj.
Similarly, to obtain an eigenvector of A for X,, one computes

11 11
A_)‘-ZId2><2:<l 1>-> (0 0),

Hence v® = % (=1, 1) € R? is a normalized eigenvector of A for A,. Since v and v@

are normalized eigenvectors of A for the eigenvalues A; and A2, the eigenvalues are simple,
and A € R?*2 js symmetric, [v] = [wv®, @7 is an orthonormal basis of R2. It implies that

1 1 -1
= I )] = ——
S = Idpj—[e] 7 (1 1)

is an orthogonal 2 x 2 matrix and STAS = diag(2, 0) or

. 0
(Ay,y) + (b, y) = (diag(2, 0)STy, STy) + (ST, STy), ssz(_ﬁ)

Consequently,

1
Kf = {x | w% = — Wy, w = STy = ST()C +a)}

V2

4. (i) Determine symmetric matrices A, B € R?*? so that A and B have the same
eigenvalues, but not the same eigenspaces.
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(i) Assume that A, B € C2*2 have the same eigenvalues and the same

eigenspaces. Decide whether in such a case A = B.
Solutions

(i) Consider

_ 10 ’ B 00 .
00 01
The eigenvalues of A are A; = 1 and A, = 0. They coincide with the eigenvalues of B.
The eigenspace Ej, (A) of A for A is given by Ej, (A) = {a(l, 0)|ace (C}, whereas

Ej (B) ={a(0,1) | @ € C}. Hence E;, (A) # E;, (B).
(ii) In general, it does not follow that A = B. Consider

01 02
A= , B= .
(00)  #=(00)
The eigenvalues of A are A; = Ay = 0 and coincide with the eigenvalues of B. Note
that for both matrices, A has algebraic multiplicity two and geometric multiplicity one.

Furthermore, vY = (1, 0) is an eigenvector of A and of B for 1. Hence Ej,(A) =
E;,(B). However, A # B.

5. Decide whether the following assertions are true or false and justify your
answers.

(i) For any eigenvalue of a symmetric matrix A € R"*", its algebraic
multiplicity equals its geometric multiplicity.
(ii) The linear map T : R2 > RZ, (x, Xx2) = (x3, x1) is a rotation.
(iii) The linear map R: R?2 - R2, (x1, x2) — (—x3, x1) is orthogonal.

Solutions

(i) True. See Theorem 5.2.5. Since A is symmetric, it is diagonalizable. That is there exists
an orthogonal transformation S, such that

Al
STAS =
An
with ;... 4, being the possibly complex eigenvalues of A. Suppose A; = ... Aj4m.
Then, ¢@, ..., et are all eigenvectors of A; and the dimension of Ej,(A) corre-

sponds to the algebraic multiplicity of A;.
(ii) False. Clearly, the matrix representation Tjcj—[¢] of T is given by

01
Tiel (e = <1 0) .

Since det(7[¢]—[e]) = —1, T is not a rotation.
(iii) True. Indeed, for arbitrary vectors x = (x1, x2) € R2, y=(1,»m) € R? one has

(Rx, Ry) = (=x2)(—=y2) + x1y1 = x1y1 + x2)2 = (%, ).

Hence by definition, R is orthogonal.
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Solutions of Problems of Sect. 6.2

1. Find the general solution of the following linear ODEs.
0 { o= yi@®+y0
Yy () = =2y1() + 4y ()’
@ {y{ = 201 +4020)
y3(@) = —yi1(1) = 3ya2(1)
Solutions

(1) We write y/ = Ay with

11
A= .
(24)
The general solution is given by y(t) = eAt vo. To determine At Yo, we compute the
eigenvalues if A with

_5+y25-24  5+1

A :
* 2 2

and hence vV = (1, 1) and v® = (1, 2). The general solution is thus given by

y(1) = ae’ vV + be¥v® ., a,beR.

=53

The general solution is given by y(r)0e?’yg. To determine e4’y,, we compute the
eigenvalues of A with

(ii) Again, we write y’ = Ay with

_—1xJ/T+8 143
- 2 T2

At

and hence vV = (=1, 1) and v® = (—4, 1). The general solution is this given by

y(0) = ar v £ be' v, a,beR.

2. Solve the following initial value problems.

0 {y;m = nO+200 o _ ( 2),
ya(t) = 2y1(t) — ya(t) —
yi(1) = 2y1(1) — 6y3(1) 1

() § ¥ =y =3y . Y= o0
Y5(t) = y2(t) — 2y3(1) ~1
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Solutions

1

(1) We write the system in the form y’ = Ay with A = <_ )

?) The eigenvalues A are
then given by

At

2+ /iF12
=%=—1iz,

and for the eigenvectors, we obtain

!
S !

Finally, v = (=1, 1) and v® = (1, 1). The general solution has the form

y(1) = ae v + be' v, a,beR.

To determine (a, b), we use the initial conditions and thus solve the system

augmented coefficient matrix _i i H ?:|
(1 —1||-2
R —R|, R, ~ R R
1~ 1, R2 2+ R 0 2 H 1}
1 0l-3
Ri~Ri+'"oRy Ry~ Ry 1/2 .
L0 1 /2

Hence, the solution for the initial values y©@ = (2, —1) is
3 -3 (—1 1 (1
H=-= - .
== ( 1) vieft

(ii) We write the initial value problem in the form y’ = Ay with A = |1 0 —3|.The
characteristic polynomial of A is given by

4@ =2-2)(-)(-2-2)—6—-(-32-2)

=Q2-2)(-2)(-2—2) —3z=—zE - 1).
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The eigenvalues of A thus are A1 = 1, 2, = —1, A3 = 0. To obtain the eigenvectors, we
find for
1 0 -6 1 -6
A : 1 -1 -3 ~ 0o -1 -=3],
0 1 -3 0 0 0
0 -6 1 0 =2
At 1 1 -3 ~ 0o 1 —-11,
1 -1 0O 0 -0
2 0 -6 1 0 -3
A3 e 1 0 -3 ~ 0 0 0],
0o 1 =2 0o 1 =2

which gives by choosing the third component equal to 1, v = 6,3, 1), v®@ = 2,1,1)
and v® = (3,2, ).
We therefore have as a general solution

6 2 3
eA'y():aet 3l +be (1) +c|2
1 1 1
Evaluating at yg yields the following system.
(6 2 3| 17
augmented coefficient matrix 31 2
L1 -1
(6 2 3| 17
Ry~ 2(Ry —'/2 Ry), R3 ~» 6(R3 — /s R1) 0 0 1]-1
L0 4 3||-7]
(6 2 0 47
Ry~ Ry —3R, R3 ~ R3 — 4Ry, R2653 0 4 0} —4
LO 0 1][—1]
(10 0 17
Ry~ /s (Ry = '/2 Ra), Ry ~ Y4 Ry 01 0f-1
LO 0 1][—1]
and hence
6 2 3
yoy=ey=e[3]—e"[1] -2
1 1 1

3. Consider the linear ODE

010
V(1) = Ay(1), A=(001] e R>3.
000
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(i) Compute A% and A3.
(ii) Determine the general solution of y'(r) = Ay(z).

Solutions
001 000
i) A2=]o000],43={000
000 000

(ii) Since A3 =0, it follows that A" = 0 for any n > 3. Therefore,

2

n 12 1 t I/Z
e’A:Z;A”=Id+tA+E= 0 1 t
n>0 " 0 1

The general solution is then given by y(t) = e’ y,.

02

4 Let A =
© (-10

> € R?*2. Find the solutions of the following initial value

problems.

) y'(1) = Ay(®) + <6t> L 0= (1)
3 0

.. ’ _ 0 ) _ 0
(i1) y(t)—-AyO)+-<CO“20>7 y —-(1)-

Solutions

(i) Since we have an added term (e, 3), we choose the ansatz
ap +aye’
t) = .
Y <b0 + by e’)
Inserting this into the given equation yields
aie"\ _ (2bo+2bie’ n e"\ _ (2bo+ (2b; + 1)e'
biet ) \—ap—aje 3) 7 \—ap+3—ae )’

This leads to the following four equations.
0 = 2bg, ay =2b; +1, 0=ay—3, by = —ay,

which admit the solution
ap =3, bp =0, ay = =, by =—
Hence,
1 (0+¢
nH==
yp( ) 3 ( e )

is a particular solution.
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To determine the general solution, we first compute the eigenvalues with

At

0++/=8
=0 =+iv2.

To obtain the eigenvectors, we get

e (R - 6T)

o (50 L) - 6Y)

and thus obtain v(1) = (—i+/2,1) and v® = (i+/2,1). Any solution of the
homogenous equation thus has the form

«/Zsin(wt)) b <—\/§ cos(wt)) . abeR.

cos(wt) sin(wt)

Yhom(¥) = a (

The general solution of the original problem is given by

ﬁsin(wt)) b (—ﬁ cos(wt)) ‘

cos(wt) sin(wt)

y(@) =ypt) +a (

To find (a, b) for the initial value (1, 0), we solve

1 _ L 10y, (-v2b
0/ 3\-1 a
and hence obtaina = 1/3 and b = 7/(3ﬁ). Finally,

1 (9 + e’) 1 (—7 cos(v/21) + ﬂsin(ﬁt))
3 .

Yy =3 i 7/ /3 $in(v/21) + cos(v/21)

—e
(ii) The added term (0, cos(27)) lets us choose the ansatz

) = ap cos(2t) + ay sin(2r)
TP = by cos(2t) + by sin(21) )

which gives, inserted into the equation,

—2ap sin(2t) + 2ay cos(2t)\ _ [2bocos(2t) + 2b; sin(2t) 0
—2bo sin(2t) + 2b; cos(21) )~ \—ag cos(2t) — aj sin(2t) cos(2t) )’

This yields the following four equation.
— 2ag = 2by, 2ay = 2by, —2by = —ay, 2by=1—-ap

with the solution
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Thus, we have the particular solution

—cos(2t)
t) = .
() ( sin(2t)>
The general solution is given by y(t) = y,(¢) + Yhom(t) Where ypom is the solution to
the homogenous equation. We thus solve with the given initial values for

(-0

— —_ L
Thus,a =1,b = 7 and

t) = <— cos(21) n cos(v/21) + /2 sin(v/21)
Y= sinen ) T\ sinv2) + cosv2n )

. Decide whether the following assertions are true or false and justify your

answers.

(i) Forany A, B € R?*2 one has eA78 = ¢4¢8.

_ 2
(ii) Let A = (? é) € R?*2. Then the linear ODE y'(r) = Ay(t) + (2)
2
admits a particular solution of the form (a thttoa )
d+ et

Solutions

(i) False. Consider

A 10 , B— 01 ’
00 00
For the addition, we get

C.

2 (11
(A+ B) —A+B_<OO>

Hence,

t" e el —1
e(A+B)t:Id_i,-(za)czld_;r(et_l)C:(O | )

n>1

Since A2 = A and B2 = 0, we further conclude

1A e 0 B 1t
= =1d+sB = .
¢ (0 1)’ ¢ + <o1
oAGB — e te!
01/

Consequently,
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(ii) False, inserting the ansatz

a + bt + ct?
1) =
yp(® ( d+ et )

into the equation yields

(b + 2ct) ( —d — et ) (lz)
= S )+ ,
e a—+ bt +ct t

which does not admit a solution due to the 72 term in the first line.

Solutions of Problems of Sect. 6.3

1. Find the general solution of the following linear ODEs of second order.

(@) y'(0) +2y'(0) +4y@0) =0,
(i) y"(r) +2y'(t) — 4y(1) = 1*.

Solutions

(i) We look for a solution of the form
y(t) = M.
Inserting the ansatz into the equation yields
0= (% +2xr+4)e.
Hence

L ;‘_m:_]iiﬁ

Ar =
satisfies the equation. The general solution is thus given
y(t) =ae™’ Cos(«/gt) +be! sin(\@t), a,beR.
(ii) To obtain a particular solution, we make the ansatz
y(t) = at® + bt +c.

Inserting the ansatz into the equation yields

1? = —4at® + (—4b + 4a)t + 2a + 2b — 4¢).

249

By comparison of coefficients, a = —1/4, b = —1/4, and ¢ = —1/4. To obtain the

general solution of the homogenous equation, we make the ansatz

y(t) = M.
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Inserting this ansatz into the equation yields
0=(%+2xr—4)e.
Hence

2+ VAT
:%:—li«@

At

and the general real solution of the homogenous equation reads

Yhom (1) = ae¥3 D1 4 pe=(VSHDI 4 e R

The general solution of the given equation is thus

1 1 1
WS=Dt 4 po=(S+Dr _ Z 2~y a,beR.

t) = s
y() = ae 1 1 1

2. Find the solutions of the following initial value problems.

(i) Y@ = y'®) = 2y@) =7, y(0) =0,y'(0) = L.
(ii) y"(1) + y(t) =sint, y(0) = 1, y'(0) = 0.

Solutions

(i) To obtain a particular solution of y” () — y'(¢) — 2y(t) = e~ ™', we look for a solution
of the form

yp(t) =ce ™.
Inserting the ansatz into the equation gives
e =@+ —2)e ™,
and hence the choice ¢ = (2 + = — 2)~! yields a particular solution.

To obtain the general solution of the homogenous equation y”(r) — y'(¢) — 2y(¢) = 0,
we look for solutions of the form

y(t) = M.
Substituting it into y”(r) — y'(t) — 2y(¢) = 0 one gets
0= —2x—2)".

Hence

143
. _1+3

1, o= —2.
2 1T

The general solution of the homogenous equation is then given by

Yhom(t) = ae™" +be¥, a,beR.
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The general solution of the given ODE is therefore

1

276_7”’ a,beR.
e+ -2

y(t) =ae™" + be +

To obtain a and b, corresponding to the initial values y(0) = 0, y’(0) = 1, we solve the
linear system of equations

0=y =a+b+ 5, lzy/(O):—a—i—Zb—ﬁ.
Adding the latter two equations, one has
b:1(1+ -1 ):lﬂ2+2ﬂf3:1(n71)(ﬂ+3):1n+3
3 247 -2 3 a247—-2 3m@-D@r+2 3742
and in turn,
1 3 n?+2m -3 1 #(r+2) 1 n

a=—§(n2+ﬂ72+ 4w =2 )z_g(n—l)(n+2)= 3x—1"

Therefore,

1 = _ Il 7m+3 5 1 -
) =—~— -
Y@ 37-1° 3712° 2yr—2°

(ii) To obtain a particular solution of y” () + y(¢) = sint, we look for a solution of the form
yp(t) = (a + bt)sint + (c + dt) cost.
Inserting the ansatz into the equation and using that (fg)” = f” +2f'g + g”, we get
sint = 2bcost — 2d sint.

By comparison of coefficients » = 0 and d = —1/2. Furthermore, we may choose a = 0
and ¢ = 0. Hence

1
f) = — = tcost
yp () 5 cos

is a particular solution. To obtain the general solution of the homogenous equation
y"(t) + y(t) = 0, we make the ansatz

y(t) = e,
from which we get the equation
0= 2+ 1)e.

Hence A; = —i and A, = i yield two solutions. The general real solution of the
homogenous equation is thus given by

Yhom () = acost +bsint, a,beR
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and the one of the given equation is
. 1
acost + bsint — itcost, a,beR.

To find a and b, corresponding to the initial values y(0) = 1, y'(0) = 0 we solve the
linear system

1
I=y0=a. 0=y©O=b-3.

It follows that a = 1 and b = 1/2. Therefore, the unique solution of the given initial
value problem is

1 . t
y(t) =cost + 3 sint — 3 cost.
3. Consider the following ODE:

Y@ = yi(®) +2y(@) .
y5() = 3y1(t) +2y2(2)

(i) Find all solutions y(t) = (y1 ), y2 (t)) with the property that
lim [[y(@®)| = 0.
11— 00

(i) Do there exist solutions y(¢) so that

lim [[y@®|| =0  and lim [ly(®)[ = 0?
—>00 11— —00

Here [ly(1)]l = (y1 ()% + y2(0?) /.

Solutions

(1) We write y/ = Ay with A = (; ;) Since det(A) = —4 and tr(A) = 3, the eigenvalues

of A are given by

3-5 345
)leizfl, )\.227—’_ =4.
2 2

Hence the general solution is of the form
y(©) =ae v +be¥v®, a4, beR

where v(! is an eigenvector corresponding to A and v® one corresponding to A. The
solutions of the form ae~"v(! (i.e. the solutions with b = 0) are thus precisely those with
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the property that lim,_, o, y(f) = 0. To obtain an eigenvector v(1) of A, corresponding to

A1, we compute
11
00/

22
Al A—A]Id2X2=<3 3)

Hence, v(D = (=1, 1). The solutions are thus given by

y(t) = ae™’ <_D , aelR.

(ii) Since the general solution is given by
y(t) = ae oM 4+ be4’v(2),

we conclude from the assumption that @ = 0 and b = 0. So y(t) = 0 is the unique
solution with the property that lim;, ~ || y(#)|| = 0 and lim;, _ ||y (®)|| = 0.

4. (i) Define for A € R2x2

—1)k 1
COsA = (St A%k and sinA = Z (1" AKFL
Pt 2k + 1!

Verify that ¢! 4 = cos A + isin A.
(i) Compute ¢’ for A = (; _i)

Solutions

(i) Recall that ¢'4 is defined as a power series. We separate terms with even and odd indices,

: 1 1 1
iA kopk 2k 42k 2k+1 4 2k+1
=2 i ;O 2! + ;0 k+ D

_ Z (=DF A2k+iZiA2k+l =cosA+isinA
=~ (2k)! = 2k + 1)! .

0

(ii)) We write A = aldyyo +wJ withae = 5, w =2 and J = (]

Idr«» J = J Idy«» and hence

_(l)> First note that

etA — et(aldzxz +oJ) _ eto( IdZXgeth

and

em Ida 2 — eto{ Id2><2 .
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Moreover, J2 = —Idy«, and hence J2 = (—1)¥ Iy as well as J2+1 = (—=1)XJ for
any k > 0. Therefore

twJ 1 k 7k (_l)k 2k (_l)k 2k+1
=3 =)= (te)* ldyua + Y | ——— (te)* ']

| | "
=0 ¥ =0 (20! i=o Gk + D!
= cos(tw) Idaa + sin(tw)J = (COSU@)  —sintt@))
sin(fw) cos(tw)

Altogether, we conclude that

A = <cos(tw) fsin(tw)> — (cos(Zt) 7sin(2;)> .

sin(tw) cos(tw) sin(2t) cos(2t)
5. Decide whether the following assertions are true or false and justify your

answers.

(i) The superposition principle holds for every ODE of the form y”(¢) +
a(t)y(t) = b(t) where a, b: R — R are arbitrary continuous functions.
(i) Every solution y(¢) = (y1 (1), yg(t)) € R? of

yi@) = 2y1(t) + y2(0)
y5(1) = Ty1(t) —3y2(1)

is bounded, meaning that there exists a constant C > 0 so that

ly@I? = y1(1)* + »()* <C, teR.

Solutions

(i) False. Consider the constant functions @ = 1 and b = 1. Then
y// +y=1.
Let y; and y, denote two solutions. Then y3 = y; + y, satisfies
" " A
ity=yty+ytn=2#L

3
7

eigenvalues are Ay = 4 and A» = —4. Let v and v® be corresponding eigenvectors.
The general solution is then of the form

(ii) False. We write y/ = Ay with A = ( ;) Since det(A) = —16 and tr(A) = 0, the

y(@) =a* vV + be 0P, a4 beR.

Clearly, lim;_, oo be#v? =0 for any choice of b. However, if a # 0, then ae* v ig
unbounded as r — oo. Consequently, for any initial value of the form av(® 4+ bv® with
a # 0, the solution is unbounded.
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A Cosines

Abelian group, 90 law of, 116
Addition theorem, 76 Cramer’s rule, 8
Affine subspace, 92 Cross product, 123

Algebraic multiplicity, 129
Algebraic number, 68

Angle D
non-oriented, 115 Definite
Anti-commute, 39 negative, 146
Augmented coefficient matrix, 14 positive, 146
Degenerate, 148
Dependent
B linearly, 86
Basis, 55, 86, 93 Determinant, 8, 62, 86
orthonormal, 120, 122 Diagonalizable, 111, 131
standard, 55, 86 Diagonal matrix, 30
Basis change, 109 Dimension, 93
C E
Canonical form, 148 Eigenspace, 130
Cauchy-Schwarz inequality, 114, 122 Eigenvalue, 127
Change of basis, 109 simple, 130
Characteristic polynomial, 129 Eigenvector, 127
Coefficient, 78, 157 Equation
Coefficient matrix, 14 logistic, 155
Commute, 39 Equivalent, 12
Complement Euclidean inner product, 117, 122
orthogonal, 121 Euler’s formula, 76

Complex linear system, 85
Complex matrix, 85

Complex number, 68 F
Complex plane, 69 Finite dimensional, 93
Conic section, 147 Free variable, 26

Coordinate, 55
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G
General linear group, 85
General solution, 161
Geometric multiplicity, 130
Group, 120

abelian, 90

H

Hermitian, 140

Hilbert space, 114, 122
Homogeneous, 31, 158
Homogeneous ODE, 157

1
Identity matrix, 30
Imaginary part, 68
Indefinite, 146
Independent
linearly, 86
Inequality
Cauchy-Schwarz, 122
triangle, 118
Inhomogeneous, 31
Inhomogeneous ODE, 157

Inhomogeneous system of linear ODE, 165

Initial value problem, 156, 158

Inner product, 113, 121
Euclidean, 117, 122

Integer, 68

Inverse element, 90

Inverse matrix, 39

Invertible, 39, 135

Irrational number, 68

Isometry, 118, 121, 123

K
Kernel, 103
Kronecker delta, 120, 122, 126

L
Law of cosines, 116
Length (of vector), 114
Linear, 3,11, 102
Linear combination, 48, 86, 92
Linear factor, 78
Linearly dependent, 49, 86, 93
Linearly independent, 49, 86, 93
Linear ODE, 156, 157
system of, 157
Linear ODE of second order, 174

Linear system, 1
complex, 85

Logistic equation, 155

Lower triangular, 135

M

Matrix, 8, 14, 85
anti-commute, 39
augmented coefficient, 14
change of basis, 109
coefficient, 14
commute, 39
complex, 85
determinant, 62
diagonal, 30
Hermitian, 140
identity, 30
inverse, 39
invertible, 39, 135
multiplication, 36
multiplication with scalar, 35
null, 39
orthogonal, 119, 143
quadratic, 30
regular, 30, 85
row echelon form, 14
similar, 111
singular, 30
sum, 35
symmetric, 46, 143
transposed, 45, 136
unitary, 123, 143

Matrix representation, 104, 105, 107
Method of variation of the constants, 166

Motion of particle, 153

Multiplicity, 79
algebraic, 129
geometric, 130

N
Natural number, 67
Negative definite, 146
Negative semi-definite, 146
Nondegenerate, 148
Non-oriented angle, 115
Norm, 114, 122
Null matrix, 39
Nullspace, 103
Null vector, 35
Number
algebraic, 68
complex, 67, 68
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irrational, 68
natural, 67
rational, 68

real, 68
transcendental, 68

(0]

Ordinary differential equation (ODE), 155

homogeneous, 157
inhomogeneous, 157
linear, 156, 157
system of, 156
Orthogonal, 115,119

Orthogonal complement, 121

Orthogonal matrix, 119, 143
Orthonormal basis, 120, 122

P
Parameter, 26
Part

imaginary, 68

real, 68
Particular solution, 99
Population model, 154
Positive definite, 146
Positive semi-definite, 146
Pythagorean theorem, 116

Q
Quadratic form, 145
Quadratic matrix, 30

R

Radioactive decay, 154
Range, 103

Rank, 96

Rational number, 68
Real number, 68

Real part, 68

Reduced echelon form, 25
Regular matrix, 30, 85
Root, 78

Row echelon form, 14

S
Scalar product, 113
Semi-definite

negative, 146

positive, 146
Separation of variables, 158
Similar matrix, 111
Simple eigenvalue, 130
Simple spectrum, 130
Singular matrix, 30
Solution

particular, 99

trivial, 158
Spectrum, 130

simple, 130
Standard basis, 55, 86
Subspace, 92

affine, 92
Substitution, method of, 2

Superposition principle, 161

Symmetric matrix, 46, 143
System
homogeneous, 31
inhomogeneous, 31
System of linear ODE, 157
inhomogeneous, 165

T

Transcendental number, 68
Transposed, 45, 136
Triangle inequality, 118

Trigonometric addition theorem, 76

Trivial solution, 158

U
Unitary matrix, 123, 143
Upper triangular, 135

\'%

Variation of the constants
method of, 166

Vector, 35, 48, 84, 89, 90
null, 35

Vector product, 123

Vector space, 90
dimension, 93

Vector subspace, 92

7
Zero, 78
Zero element, 90, 102
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